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Course content

e Functions: definition, domain, range, codomain, composition (or composite), inverse.
e Limits, continuity and differentiability of a function.
e Differentiation by first principle and by rule for z” (integral and fractional n).

e Other techniques of differentiation, i.e., sums, products, quotients, chain rule; their applications
to algebraic, trigonometric, logarithmic, exponential, and inverse trigonometric functions all of
a single variable.

e Implicit and parametric differentiation.

e Applications of differentiation to: rates of change, small changes, stationary points, equations of
tangents and normal lines, kinematics, and economics and financial models (cost, revenue and
profit).

e Introduction to integration and its applications to area and volume.
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LECTURE 1

1 Functions

To understand the word function, we consider the following scenario and definitions. For example,
the growth of a sidling is an instance of a functional relation, since the growth may be affected by
variations in temperature, moisture, sunlight, etc. If all these factors remain constant, then the growth
s a function of time.

Definition 1.1 (Variables). A variable is an object, event, time period, or any other type of category
you are trying to measure.



Consider the formula used for calculating the volume of a sphere of radius r.

4
V = §7T7'3 (1)

Then,

i) V and r vary with different spheres. Hence, they are called variables.

4
ii) 7 and 3 are constants, irrespective of the size of the sphere.

There are two types of variables, i.e., independent and dependent variables.

Definition 1.2 (Independent and dependent variables). Independent variable refers to the input value
while dependent variable refers to the output value.

For example from formula (1), the volume, V, depends on the value of the radius, r, of the sphere.
In this case, r is called the independent variable while V is called the dependent variable since it is
affected by the variation of . Similarly, for the function y = a2? + bz + ¢, a,b and c are constants, x
is the independent variable and y is the dependent variable.

Definition 1.3 (Function). A function is a rule that assigns/associates each element in the
independent set, say X, to a unique element in the dependent set, say Y .

Examples of functions are

i) Linear functions e.g., y =z +5

ii) Quadratic functions e.g., y = 22 — 2z + 5

iii) Cubic functions e.g., y = 2% — 1

iv) Quartic functions e.g., y = 2z% + 23 — 1

v) Trigonometric functions e.g., y = sin(2z + 5)

vi) Logarithmic functions (log to base 10) e.g., y = log(3z + 1)

vii) Natural logarithmic functions (log to base e ~ 2.71828) e.g., y = In(5zx + 1)

viii) Inverse of trigonometric functions e.g., y = tan_1(2x +1)

ix 2z+1

Exponential functions e.g., y = e

)
)
)
)
)
i)
)
)
)
)

x) Absolute value functions e.g., y = |z|. This function is defined as
y.

T flx) = Ixl

— Note: in the above examples the variable y depends on the variable x. Thus, we say that the
dependent variable y is a function of the independent variable x. Using function notation, we write
y = f(x), where f is a function. The function f(z) is read as f of x, meaning that f depends on z.



1.1 Domain, Range and Codomain

1.1 Domain, Range and Codomain

Definition 1.4 (Domain). A domain consists of all the elements in the independent set (i.e., the set
of inputs), X, for which the function is defined.

Definition 1.5 (Range). A range refers to a set of all the images of the elements in the domain.

Definition 1.6 (Codomain). A codomain consists of all the elements in the dependent set (i.e., the
set of outputs), Y.

For example, consider the diagram below

Example(s):

1. Find the domain and range of the following functions.

(@) f(z)=(z—4)°+5

Solution

O Since f(z) is defined (or is a real number) for any real number z, the domain of f is
the interval (—oo, 00).

O Let y = (z — 4)% + 5. Making « the subject, we have x = 4 + \/y — 5. This function is
defined if y — 5 > 0 or y > 5. Therefore, the range is the interval [5, c0).

(b) f(z) =222 -5z +1

Solution
O Since f(z) is defined (or is a real number) for any real number z, the domain of f is
the interval (—oo, 00).
O Let y = 222 — 52 + 1 or 222 — 52 + (1 — y) = 0. Making = the subject (use quadratic
5+ /25 —-8(1—
(=) This function is defined if 25— 8(1—y) > 0

formula), we have x =

4
1
ory > _§7' Therefore, the range is the interval [—%7, oo).
(© f@) = 5
22 -5x+6

Solution
— Note: 4/0 = oo (infinity), vvvv large value, undefined, indeterminate.
O The function f(z) is defined when the denominator is nonzero, i.e., if 2 — 5z + 6 # 0.
Solving yields = # 2 and = # 3. Therefore, the domain of f includes all the real numbers
of z except x = 2 and z = 3, i.e., the set (—00,00)\{2,3} or (—o0,2) U (2,3) U (3, 00).
4
O Let y =

2?2 — 5z 46
formula), we have

or 22 — bx + (6 — %) = 0. Making x the subject (use quadratic

54 /25— 4(6- 1)

2
This function is defined if 25 — 4 <6 — %) > 0 or y > —16. Therefore, the range is the

interval [—16, 00).

xTr =



1.2 Evaluation of functions

Solution

O Since f(z) is defined (or is a real number) if x —1 > 0 or > 1, the domain of f is the
interval [1, c0).

O Let y = v/ — 1. Making « the subject, we have x = y? + 1. This function is defined
for any real number y. Therefore, the range is the interval (—oo, 00).

(e) flz)=2]z—3|+4

Solution
O Since f(x) is defined for all real numbers, the domain of f is the interval (—o0, 00).

O Since for all |x — 3| > 0, the function f(x) = 2|z — 3| +4 > 4. Therefore, the range is
all the values of y for which y > 4 or the interval [4, co).

Exercise:

1. Find the domain and range of the following functions.

(a) f(z)=6— a2 fans: domain (o0, 00), range (—oo, 6]]
(b) f(z) = ffgi fans: domain (—00,0.5) U (0.5, 00), range (—o0, 1.5) U (1.5, 00)]
(@ fa) =212 jans: domain (—o0, 2) U (2,00), range (o0, 1) U (1, 00)]
(d) f(z)=+4—-2x+5. [ans: domain (—oo, 2], range (—o0,o0)]
(©) f(z) = m.[ansz domain (—o0, —4) U [4,6) U (6, 00), range [~2, 2] \{~1,1}]

1.2 Evaluation of functions

This involves replacing x in the function by the suggested value and retaining the rule of the function.

Example(s):
1.GWmf@ﬂ:2m+LFm¢(Df@%ﬁbfﬂ%ﬁ@f@w2%amMW)f@+42_f®)brh#0
Solution
i) £(0)=20)+1=0+1=1
i) f1)=21)+1=2+1=3
iii) f(x4+2)=2+2)+1=2x+44+1=22+5
S —f@)  Ra+h)+-atl] 2w42h+l-2w-1 2h
) h - h - h T
2. Given f(z) = 32% — 20+ 4. Find: (i) £(0), (i) £(—1), (ii}) f(z +2), and (iv) L (th)b f(@)
for h # 0.
Solution

i) f(0)=3(0)2—-2(0)+4=0+0+4=4
i) f(-1)=3(-1)2-2(-1)+4=3+2+4=9
iii) f(z+2)=3(x+2)2—-2x+2)+4=3>+4z+4) -2z —4+4 =322+ 107 + 12



1.3 Composite functions o

iv)
fl@+h)—f(z)  [Ble+h)*—2(x+h)+4] — [32% — 2z + 4]
h B h
(3224 6hx 4+ 3h? — 2z — 2h +4) — (322 — 20+ 4)  Ghx + 3h% —2h
B h B h
= 6x+3h—2

3. Given f(z) = 2% — 4z + 3. Find: (i) f(1), (ii) f(2), (iii) f(a), and (iv) f(a + h).

Solution

i) fo)=22—42+3 = f(1)=12—-4(1)+3=

i) f(x) =22 -4z +3 = f(2)=22-4(2)+3=-1

iii) f(r)=22—-42+3 = f(a)=a®>—4a+3

iv) f(z)=22—42+3 = fla+h)=(a+h)?—4(a+h)+3

Solution

i) ¢(f) =2sinf = ¢(5)=2sin(]) =2
i) 6(0) =2sin0 = $(0) = 2sin (0) =0

iii) ¢(f) =2sinf = $(§)=2sin () =2x

Exercise:

(a) Given f(z) =23 + 2z +1, find: (i) £(0), (ii) f(—a), (iii) f(z +2), and (iv) Y for
h#0,

(b) Given g(x) = \/El—i— T find: (i) f(0), (ii) f(1), (iii) f(x+2), and (iv) g(z + hf)L —9() for h £0

(¢) Given p(x) = S2% find: (i) £(0), (ii) (1), (iii) f(2—2), and (iv) ZEFP =@ ¢ g

T 1+3z h
(d) If f(z) = 222 — 4z + 1, find (i) £(1), (i) £(0), (iii) £(2), (iv) f(a), and f(z + h).
(e) If f(z) = (z — 1)(x +5), find (i) f(1), (i) f(0), (ii)) £(2), (iv) f(a+1), and f(5).
(f) If f(0) = cosd, find (i) f(5), (i) f(0), (il) f(5), (iv) f(§), and (v) f(7).

f(3.001) — f(3)
0.001 '

(g) If f(z) = 22, find (i) f(3), (i) f(3.1), (ii) £(3.01), (iv) £(3.001), and
(h) If ¢(z) = 2, find (i) ¢(0), (i) (1), and (iii) $(0.5).

1.3 Composite functions

The composition of functions is a function of another function. Consider the function f with domain
A and range B, and the function g with domain D and range E. If B is a subset of D, then the
composite function (gof)(z) is the function with domain A and range E such that

(gof) (@) = g(f(x))
For example, given f(z) =2z + 1 and g(x) = 5z — 3. Then,

(gof)(x) =g(f(z)) =gz +1)=5(2x+1) —3 =10z + 2

5



Similarly,
(fog)(x) = f(g(z)) = f(52 —3) = 2(5z —3) +1 =10z -5
— Note: (fog)(z) # (gof) ().

Exercise:

1. Given f(z) =2? -1, g(z) =z — 1 and h(z) = /z. Find:
(a) (fog)(x)
(b) (hog)(x)
(c) (gog)(x)
(d) (gohof)(x)
2. Consider the functions f(z) = 22 + 1 and g(z) = 1/x. Evaluate

(a) (fog)(4)

(b) (g0f)(=1/2)

3. If f(z) = /z and g(x) = 4z + 2, find the domain of (fog)(z). [ans: x > —0.5 or (—o0, —0.5]]

LECTURE 2

2 Limits of functions

Definition 2.1 (Basic limit definition). Let f(x) be a function and let a and L be real numbers. If
f(x) approaches L as x approaches a from either RHS or LHS of a (but is not equal to a), then we
say that f(x) has limit L as x approaches a, and is mathematically written as:

lim f(z) = L.
Diagrammatically, we have
\
LAE_‘ i — Note: %li;ﬂaf(:”) is the value that f(z)

i approaches as = approaches a, and a does
not have to be in the domain of f.

2.1 Properties of limits

Theorem 2.1. Suppose %gré f(x) =Ly and %13}1 g(z) = Ly. Then,

1. [Addition/subtraction rule] lim [f(z) £ g(x)] = ugr}l f(x)] + {lim g(x)} =L+ Ly

T—ra

2. [Scalar multiple] lim Af(x)]=A Ll;lg}; f(x)} = AL, where A is a constant.

3. [Product rule] lim [£(z) - g()] = [lim f(x)| - [lim g(2)] = L1 - L,

T—a T—a

4. [Quotient rule] lim
r—a

= =— ided .
%lg(llg(x) Ty provided g(a) # 0

{f(x)} D f@) g,

5. lim {/f(@) = (1m f@))"" = (L))" = VI

r—a Tr—a

— Note: if f(x) = ¢ (where ¢ is a constant), then %11}"% [f(x)] = %11}"% [c] =¢

6



2.2 'Techniques of evaluating limits of functions

2.2 Techniques of evaluating limits of functions

O Direct substitution (DS)

The required limit is obtained by just plugging in the value of input, say x, into the given
function, say f(x).

Example(s):
(a) Evaluate lim 32° — 2% 4 2z + 5.
T—2
Solution
lim(32® — 22 + 224+ 5) = 3lim2® — lim 22 + 2 lim = + lim 5)
r—2 r—2 T—2 T—2 T—2
= 3(2%) - (22)+2(2)+5
= 29
z2 -1

(b) Evaluate lim .
z—1 v+ 1
Solution

i > —-1pgl?—1 0 0
1m = = - =
z—1 r+1 141 2

0 Factorization

If on direct substitution we get the indeterminate form 0/0, then it means that there is a
common factor in both the numerator and denominator. In this case, we perform factorization
first so as to simplify the given function.

— Note: if the polynomial in the numerator is of degree greater than the degree of the polynomial
in the denominator, we first need to perform long division.

Example(s):
2
—6
(a) Evaluate lim rAr-0
z—2 x—2
Solution
2
- —2
lim & T2 6 _ hm(x )(x +3)
z—2 x — 2 x—2 x — 2
. D.S
= lim(z+3) =2+3
r—2
=5
. 22+ 3z +2
(b) EVa].uate xli}IJ2 m
Solution
. 4+ 3r+2 . (z+2)(z+1)
lim ——— = lim
-2 2x2—8 T——2 2(3: + 2)(.’17 — 2)
. z+1 ps —-2+41 -1
= lim = = —
=220z —2)  2(—2-2) -8
1
8
o3 —1
(c) Evaluate iﬂ SRR



2.2 'Techniques of evaluating limits of functions

Solution
3
x° —1 . x—1 .
iﬂ 57— 9151311 <x+az2—1) (long division)
= i P (factorization)
= lim |z CEE T actorization
. 1 D.S 1 1
xl—>ml<x+m+l> +l—i-l +2
_ 3
2

0 Limits at infinity

In this case, we first divide the numerator and denominator by the highest power of x in the
denominator.

Example(s):

. 5x3 — 1
(a) Evaluate xll)nolo m

Solution
5 ! 5 1
3_ 1 - — - — _
th = lim a’ 25 0 = 50
z—o0 43 — 20 — 7 @300 2 7 2 7T T 4-0-0
e
x2  ad 0o o0
_ 0
4

0 Rationalization

Suppose there exists a surd in either the numerator or denominator or both. Then, we first need
to multiply both the numerator and denominator by the conjugate of the factor containing the
surd (in either the numerator or denominator) and then simplify the resulting function. After
rationalization, we perform a direct substitution.

— Note: in case the surds appear in both the numerator and denominator, then we rationalize
the denominator.

Example(s):
(a) Evaluate lim V2?2 — 4z — z.
T—r00
Solution

N~
lim Va2 -4z —2x = lim (\/x2—4x—x>< x 4a:+x>

T—00 T—00 ~’w2—4x+x
I 22 — 4o — 22 I —4x
= 11m — = 1l1lm
ac—>oo,/x2_4x+l- T—00 /2 _ T+
1
A = 4
= li_>m L 1:11—>m74
xoo(/—x2_4x+x)‘7 T—00 1 %4
T V x

—4

_4 _4
7 T /I=0+1 1+1
L., Vi-0+ +
(ee]
)

O
0




2.2 'Techniques of evaluating limits of functions

JT -3

(b) Evaluate lim

=9 1 —9
Solution

i YE=3 _ gy, W23 (VT +3)

z—=9 x —9 z—9 ($—9)(\/5+3)
= lim (z —9) = lim !
N z—>9(1:—9)(\/5—|—3)_x—>9\/5—|—3
ns 1

f 9+3 3+3
- 6
Exercise:

(a) lim Va2 —2— Va2 + .
T—00

Solution

Vil =2+ Va2’ +x
. 27 _ 2 _ 3 27 — 2 .
Jim Va2 Vet vn = i (Va2 =2 Vil ga) D e

lim (’ZZ (’%—i_x = lim 2o

m%oo\/x2_2+\/x2+$_x~>oo\/x2_2+\/l.2+x

2 2
2 B
= lim L 25 0
z—00 2 1 2 1
1— S5 +y/1+ = 1— = /14 =
x x 00 00
T2
3
-1
(b) Evaluate lim i [ans: 3]
=1 x—1°
1—
(c) Evaluate lim \/E [ans: 1/2]
z—1 — X
ba? — 3x + 2
(d) Evaluate Jim. 1022 — 2+ 100" [ans: 1/2]
1 —+v1-
(e) Evaluate lim Viter-v ) [ans: 1]
z—0 x

— Note: A function which grows arbitrarily large as x goes to positive or negative infinity is said to
have an infinite limit. Infinity is not a real number, so if a function has infinite limit, we
say that the limit does not exist.

LECTURE 3

Theorem 2.2 (Squeeze law (sandwich theorem)). Suppose that f(z) < g(z) < h( ) holds for all
x around a, except possibly at x = a. If g%lig flx) = %11)1}1 h(z) = L, then hrn g( ) =

Example(s):

1. Find lim z sin (21>
z—0 T4+ x

Solution



2.2 Techniques of evaluating limits of functions

We know that sin 6 is sandwiched between —1 and 1 i.e., —1 <sin(f) < 1. Therefore,

1
As —1 <sin ( 2) <1
r+x
. ( 1 )
= —x < rsin <z
x + 22
1
= —lim(z) < lim :1:sin< ) < lim (z)
z—0 z—0 T+ x x—0
1
= Oglimmsin< >§0
z—0 T+ 2
1
= lim z sin ( ) =0
z—0 T + 2
Exercise:
sinh (1 —cosh) 0

1. [Assignment 1] Prove that lim =1 and lim
h—0 h—0

h h

Proof. Consider the following unit circle. Let the length of line OA be a units, AB is b units,
CD be ¢ units and angle AOB be h.

D
1 Here, OB = OC = 1 unit. Now, cosh = a,
B sin h = b and tan h = ¢. From the figure, the
area of triangle OAB is less than that of the
) ¢ sector OCB Whichlis alsohless than tliat of
triangle OCD i.e., —ab < — -7(1)2 < =(1)c.
h 2 2m 2
I ; o) T A c Thus,
1 1 1
- i < p< =
5 coshsinh < 2h <3 tan h
-1

in h
Multiply through by 2 and using the identity tan h = smih’ we have
cos

sin h

coshsinh < h <
cos h

Taking reciprocals, we have

1 1 cos h
> — >
coshsinh — h ~— sinh
in h
Multiplying though by sin A yields N > SH; > cos h, which can be rewritten as
cos
b < sin h < 1
cos
~— h T cosh
inh 1 inh
Taking limit as h — 0, we have lim cosh < lim S < lim ——. That is, 1 < lim s <1.
h—0 h—0 h—0 COS h—0
Hence, by the squeeze law we get
sin h
li =1
hlg%) h

10



2.3 One-Sided Limit

Also,
1-— — — cog2
lim (1 —cosh) — lim [(1 cosh) (1+ cos h)] — lim 1—cos*h 1
h—0 h h—0 h (14+cosh)] h—0 h 1+ cosh
~ lim sin? h 1 ~ lim [sinh sin h }
 h0| h l+cosh| k0| h 1+4cosh
. sinh . sin h . sin h D.S 0
= |lim lim —— | = (1) [lim ——— | =
h—0 h | |h—0 (14 cosh) h—0 (1 4 cosh) (I1+1)
= 0
Therefore,
lim (1 —cosh) _0
h—0 h

2.3 One-Sided Limit

Definition 2.2 (Left-Hand Limit). If a function f(x) approaches the number L as x approaches the
real number a from the LHS of a, then we say that L is the left-hand limit of f at x = a and is written
as:

lim f(z) = L. ‘

Tr—a~

Definition 2.3 (Right-Hand Limit). If a function f(x) approaches the number L as x approaches the
real number a from the RHS of a, then we say that L is the right-hand limit of f at x = a and is
written as:

lim f(x) = L. ‘

z—at

— Note: the limit of f(z) as x approaches a exists if both left-hand limit and right-hand limit exist
and are equal at z = a. In that case, we have

lim f(z) = xlggr f(z)=lim f(z) =L ‘

T—a~ Tr—a

Example(s):
3 ife<1
(a) Consider the function defined by f(z) =4 1 if t =1 Evaluate lim1 f(x).
2—z ifa>1 o
Solution

(i) LHL: lim f(z) = lim (%) =13=1
T—1- r—1~

(ii) RHL: lim f(z)= lim 2—2)=2-1=1
z—1t z—1+

(iii) Since the result (i) = (ii), we get lim1 flz)=1
z—

Exercise:
=2z ifz <1
(a) Consider the function defined by f(z) = 2 ifzr =1 . Evaluate lim f(r) and
3r—4 ifr> 1. .
0
A, 1)

(b) Consider the function defined by f(z)

{2—335 if 2<1

. o
9,3 x> Does il_}ml f(x) exist?

. . )z ifx#0

(c¢) Find the value of glglg%) f(z) where f(x) = { | ife—0

11



2.3 One-Sided Limit

[1 Meaning of absolute value functions
To separate (or split) the function contained in the absolute value function, do the following:

i) First identify the reference point by equating the interior term to zero.

ii) Investigate the signs of the interior expression to the left and the right of the reference point.
For example,

O If f(z) = |z — 3|. The reference point isz —3=0 =z = 3. Thus,

=@ =3) ifx<3
f(x)_{—i—(x—?;) if x> 3

O If f(z) =54 |x + 5|. The reference point isx +5=0 =z = —5. Thus,

_J5—(z+5) ifrxr<-5
f(x>_{5+(x+5) if 2> —5

itz <0
1 2 +x
O If f(z) = P The reference point is z = 0. Thus, f(z) =
— |z
ifz>0
-z
Example(s):
)
(a) Evaluate lim ﬂ
z—0 X
Solution
The reference point is bx =0 = x = 0. Thus, we have
(@) |5 @ ifz<0
Tr) = — =
x H02)f g > 0
Now,
. . . —oT
(i) LHL: lim f(z)= lim — = -5
z—0~ z—=0- I
(i) RHL: lim f(z) = lim 2% —5
ii : lim f(z) = lim — =
z—0t z—0t T
)
(iii) Since (i) # (ii), therefore, lin% 52| does not exist. The above problem possesses a one-sided
T— X
limits.

) |z — 17|
(b) Evaluate il_)]rn? ((w — 7)>

Solution
The reference point isz —7=0 = x = 7. Thus, we have
AN -
/(@) r—T %}7):+1 ifx>7

|z — 7| {‘“‘77)_—1 if 7 < 7
= =) =

Now,

(i) LHL: lim f(z) = lim (1) = -1

T~ z—0~
ii) RHL: li =1l =1
(i) RHL: lim f() = lim (+1)

12



(iii) Since (i) # (ii), therefore, lim7 f(z) does not exist. The above problem possesses a one-sided
z—

limits.

Exercise:

6
(a) Evaluate lim <H>
z—6 |.§C + 6|

. 1
(b) Evaluate il_)H?i (2 + P 1|>

3 Continuity of a function

A function f(z) is said to be continuous at a point x = a if the following three conditions are satisfied:

i) f(a) is finite, i.e., f(x) must be defined at x = a.

ii) lim f(z) exists (i.e., LHL=RHL at z = a)

Tr—ra

iii) lim f(z) = f(a), i.e., (il)=(i)

r—a

— Note: if at least one of these conditions is not satisfied, then f(z) is discontinuous at x = a. In
this case, we say that the point a is a discontinuity of f (i.e., f(x) has some gaps or jumps at = = a).

Example(s):

ifx < —1

(a) Discuss the continuity of the function f(z) = at v = —1

z2—3 ifx > -1

Solution

We need to test the three conditions for continuity:
(i) f(—=1) = (=1)%2 — 3 = —2 (defined).

W i, 12

LHL: lim f(z) = lim <m2_1): im V@D o1y = o

r——1- r——1" x + 1 r——1" M r——1"
RHL: li = i 2_3)=1-3=-2
S = i e e9)

Since LHL=RHL=-2, therefore, lim1 f(z) = -2
z——

(iii) So, as limlf(:c) = f(—1) therefore, f(z) is continuous on (—4,4).
T——

2% — 62° + 2 + 3
(b) Discuss the continuity of the function f(x) = v ’ —;x + at z = 1.
x —_—

Solution

2zt — 623 + 2% + 3
Clearly, the function f(z) = * v is discontinuous at z = 1. However, the point

of discontinuity can be removed by first simplifying the given function. Thus, by long division

13



we have
203 — 422 — 3z — 3
r—1) 221—623 + 22 +3

—2xt + 223
— 473 + 22
43 — 42
— 3a2
322 — 3x

—3zx+3

3r — 3

0

Hence, the function can be rewritten in the simplest form f(z) = 223 — 42 — 3z — 3, which is
now continuous at = 1 [student to verify this]. Therefore, the original function is said to have
a removable point of discontinuity.

(c) Find the value of the constants in the give problems if f(z) is continuous everywhere in the real
number line

4 if 1
i) Given f(x) = {4 ++62 Tf ’ i X Find ¢ [ans: ¢ = 2]
x if x>

152 ife< -1
ii) Given f(z) =<ar+0b if —1<x<2.Findaandb [ans: a = 3,b = 18]
12z ifx>2

Solution

In these questions, we make use of the second condition of continuity in particular, i.e.,
LHL=RHL at any point x = a.

i) The reference point is = 1. Thus,

LHL: lim f(z) = lim d+¢)=4+c
z—1- T—1~

RHL: lim f(z) = lim (4dx+2)=44+2=6
z—1t z—1t

Since f(x) is continuous at © = 1, we have 4 4+ ¢ = 6. Therefore, ¢ = 2.

ii) O Case 1: Taking the reference point as © = —1. Thus,

LHL: lim f(z) = lim (15)=15
rz——1" r——1-
RHL: lim f(z) = lim (ax+b)=—-a+0b
z——1F z——17F
Since f(x) is continuous at x = —1, we have —a + b = 15 ().

[0 Case 2: Taking the reference point as z = 2. Thus,

LHL: lim f(z) = lim (axz+b)=2a+0b
T—27 T2~
RHL: li = lim (122) =24
A S =l ()
Since f(x) is continuous at = = 2, we have 2a +b = 24 (**). Solving equations (*) and

(#%) simultaneously, we obtain a = 3 and b = 18.

Exercise:

14



3+ 27
T+ 3

ife # -3
(a) Discuss the continuity of the function f(x) = .
27 ifr =-3

(b) Find the value of A and B so that the following function is continuous for all x.

A(l_cfsx> if <0

sin® x
f(z)={ 22 —2+B ifo<z<1
242 —3 .
W if z>1
Solution
Al - A(l = A
lim f(z) = lim w — lim (1—cos(z)) A
=0 z—0—  sin®(x) e—0- (1= T))(1 +cos(z)) 2
li = lim (22° —2z+B)=B
A ) = g e et B)
. . A
Since f(x) to be continuous at x = 0, we have 5= B — — — (%).
Also,
lim f(z) = lim (22> -2+ B)=1+B
1~ z—1-
2421 — 4
lim f(z) = lm r"+2z-3 lim WZ,ZQ
z—1t x—1t 2 -1 z—1+ M(CE + 1) 2
Since f(x) to be continuous at x = 1, we have 1 + B = 2 — — — ().

Solving equations (x) and (xx), we get A =2, B = 1.

(c¢) Find a and b so that the following functions are continuous Vz € R:

i)

2, ife<1
flz)=2% ax+b, ifl<z<?2
6, ifex > 2
[ans: a =4,b = —2]
if)
—2x, ifzr<l1
f)=3 b—az? ifl<z<4
—16z, ifr >4

[ans: a =,b =]

LECTURE 4
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4 Derivative of functions

d
Definition 4.1 (First principle). The derivative of a function f(x) denoted by f'(z) or d—f is the rate
x
of change of f with respect to x, and is given by

V(th);f@)}

f'(z) = lim

h—0

)

for all x for which this limit exists.

The process of finding the derivative f’(x) is called differentiation of f(x). The above relation is
called first principle of differentiation or differentiation by the definition or differentiation of first kind.
Geometrically, consider the curve y = f(z) and let Az = h.

Here, Ay = f(x + h) — f(x). So, gradient of the secant

line through points A and B is % = flath) - f(x)
T

h
Taking limit as h — 0 yields
dy . fleth)—f@)
dr h =@
Therefore,
dy o

Example(s):
(a) Use first principle of differentiation to find the derivative of the function f(z) = 2.
Solution

Given f(x) = 22, we have f(z + h) = (z + h)2. By the first principle of differentiation, we have

/ . flz+h) = f®) . (x+h)?*—2a?
P = m= =
2hx + h? — 2hx + h?
o B e %:nmL:hm(zﬁh)D:'S@Ho)
h—0 h h—0 h h—0

= 2z

(b) Use first principle of differentiation to find the derivative of the following functions: (i) f(z) =

and (i) f(z) = /.

x

Solution

1 1
i) Given f(z) = ) we have f(z + h) = oy By the first principle of differentiation, we

have

flz+h) - f(x)

! _ . _ .
P == Tl
= lim = T (z+h) _ lim _h lim ~1 _ns -l
b0 hx(x+h)  h=ohx(z+h)  hsox(z+h)  z(z+0)
1
T2

16



4.1 Basic differentiation rules

ii) Given f(x) = \/x, we have f(z + h)

have

f'(z) = lim

h—0

= lim
h—0

Exercise:

flath) = f@) _

(Vz+h—vo)(Ve+h+ Vo)
(W+I>

= vz + h. By the first principle of differentiation, we

N

r+h—x

S R(E )

D.S 1

e e e
2z

hlg%\/erth\/E Vi+0+ .z

(a) Use first principle of differentiation to find the derivative of the following functions.

i) f(z)=—2®+32>+4

[ans: f'(z) = —322 + 6]

i) () = - 233535 jans: f/(x) = (1_3593)2]
i) f()= o st (@) = =g —go)
i) f(x) = VBE T2 -5 ns: f'(a) =~
Y f@) = = st (@) = 5]
4.1 Basic differentiation rules
O The derivative of a constant
If f(z) = c (a constant) for all x, then f’(x) = 0 for all x. That is, % = f'(x)=0|

Proof. Given f(zx) =c = f(z+ h)=c. Thus, from the first principle, we have

. fle+h)—flz) . c—c 0
/ _ = — =
G h = hm T T hmy =0

[0 The power rule
If f(x) = 2™ for n € R, then m That is, bring down the power and reduce the

power by one.

—1
Proof. Given f(x) =2" = f(z+h)=(x+h)"=2"+naz" th+ n(n2' )x”*QhQ +--- A"
Thus, from the first principle, we have '

-1
<xn+nxn—1h+n(n)xn—QhQ_’_,”_th_xn)

, . fle+h) = f(z) 2!
fla) = Jim n = i n
-1

( n 1h—|— (712' )xn—2h2+ _|_hn>
= jim “h
—
-1
- ’llirr%)(nﬂc"_l n(nQ' >:U”_2h+ —|—h”_1)
— !

17



4.1 Basic differentiation rules

For example,
i) If f(z) = 625, then f'(x) = 302%.
i) If f(z) = 2!, then f'(x) = 102°.
O The derivative of a linear combination

If f(z) and g(x) are differentiable functions of z and a and b are constants, then

L laf (@) + by(a)) = af (&) + bg'(2)

Proof. Let y(z) = af(x) + bg(z). Thus, from the first principle, we have

dy y(x +h) —y(z) af(z+h) +bg(x + h)] — [af(z) + bg(z)]

:lim[

P o h 70 h
_ i W@ R) = (@) +0lg(x + k) — ()]
h—0 h
= alim fz+h) - f(z) + b lim gz +h) — g(z)
h—0 h h—0 h

= af'(z) + by (z)

For example,

d
i) If y = 242 + 82°, then d—y = 24 + 40z*.
x

d
if) If y = 723 — 922 + 4z + 2, then dﬁ = 2122 — 182 + 4.
X

[0 The product rule

If u(x) and v(z) are differentiable functions of x, then the product u(x)v(x) is also a differentiable
function of z, and

o' (z)v(z) + u(z)V'(z)

|
=
=
2
<
&
!

Proof. Let y(z) = u(z)v(z). Thus, from the first principle, we have

dy k) —y@) (et ) - (@)
dx h—0 h h—0 h
~ lim u(z + h)v(x + h) — u(x)v(x + h) + u(x)v(x + h) — u(x)v(x)
h—0 h
_ oy @ h) —u(@)]v(z 4 h) + @) [z £ ) — ()]
h—0 h
g ME ) —u@)]v(@th) (@) [+ h) = ()]
h—=0 h h—0 h
. u(zx+h)—u(x) ) vz +h) —v(z)
= h } [};gg)vw + h)] +u(z) lim

= u(z)v(z) + u(z)V (z)
O
— Note: the product rule says that the derivative of the product of two functions is formed by

multiplying the derivative of each function by the other function and then adding the results.
In general, suppose y = ui(x)uz(x) - - - uy(z), then

% = (2)ua(2) - - un (@) + uy (2)uh(z) - - un () + - + ur()us(x) - - - vl (2)

Example(s):
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4.1 Basic differentiation rules

(a) Find the derivative of f(z) = (1 — 522)(622 — 4z + 1).

Solution
Let f(x) = uv, where u = 1 — 522 and v = 622 — 42 + 1. Differentiating yields v’ = —10x
and Vv = 12z — 4. Therefore,
flx) = uv+w =(—102)(62% — 4z + 1) + (1 — 52%)(12z — 4)
= —60z” + 402” — 10z + 122 — 4 — 602° + 202
—1202% + 602% + 2z — 4

(b) Find the derivative of y = (z — 2)(2? + 6)(z* + 1).

Solution

Let y = wvw, where v = 2 — 2, v = 2?2 + 6 and w = z* + 1. Differentiating yields
W =1,V =2z and w’' = 423. Therefore,

Z—Z = uvw+w'w+ uvw'’
= (@@ +6)(z" +1) + (z = 2)(22) (2" + 1) + (z — 2)(2? + 6)(4z)
= (%4 2%+ 60" +6) + 22 (2 + 2 — 2" +2) + 42% (27 + 62 — 227~ 12)
= 25422+ 62 + 6+ 22 + 222 — 42° + 4z + 425 + 242* — 82° — 4843
= 725 — 1225 + 302" — 4823 + 327 + 4z + 6

0 The quotient rule

If u(z) and v(z) are differentiable functions of x, then the quotient ) (where v(z) # 0) is also
a differentiable function of z, and
da {U(ﬂ«“)} _ v(@)v(z) — u(@)V(z)
dz Lv() ()]
Proof. Let y(z) = if((z)) Thus, from the first principle, we have
u(z+h)  uz)
dy Lyl h) —y(@) vt h) @) ulet () — (v +h)
dx h—0 h h—0 h h—0 hv(z)v(z + h)
i M M) o) 4 o)) ~ a1
h—0 hv(z)v(x + h)
[l h) ()] v(e) — u(e) o+ h) — v(a)
h—0 hv(z)v(x + h)
- u(z £ h) — u(z)] v(z +h) —v(z)]
o h | V(@) —ulz) liny h
}lg% v(z)v(x + h)
_ v(@)o(x) — u(x)v'(z)
[v()]?
O
Example(s):
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4.1 Basic differentiation rules

212 4+ 1
2 -1

(a) Differentiate y =

Solution
Let y = E, where u = 222 + 1 and v = 2? — 1. Differentiating yields v/ = 4z and v/ = 2z.

Therefore,

dy  wvu' —w (2? —1)(4z) — (22% +1)(22)  4a® — 4z — 42® — 2 —6x

de 02 (2 —1)2 (2 —1)2 (22 —1)2

3
(b) Differentiate y =

x—1

Solution
Let y = E, where v = 2% and v = x — 1. Differentiating yields v’ = 32% and v/ = 1.

Therefore,

dy wvu' —w'  (x—1)(32%) — (2%)(1)  32% —32? —2® 223 — 322

de 02 (x —1)2 o (x—-12  (z—1)2

0 The chain rule

Suppose that y is a differentiable function of u and u is a differentiable function of z (i.e.,
y =y(u) and u = u(x)), then y is a (differentiable) function of = by extension (i.e., y = y(u(x)))

and
dy dy du

de ~ du dz

— Note: chain rule is used when we want to differentiate a function of another function.

Example(s):

(a) Differentiate with respect to = the function y = (3x + 4)%.

Solution
d d
Let y = u*, where u = 3z + 4. Differentiating yields d—y = 4u3 and d—u = 3. Therefore,
U x
chain rule yields
dy _dy du 3 3 3
e~ du dr (4u”)(3) = 12u 23z +4)

(b) Differentiate with respect to  the function y = (22 + 3x)7.

Solution
7 2 . e dy 6 du
Let y = u', where u = x°+3x. Differentiating yields Tu Tu® and i 2z +3. Therefore,
u x

chain rule yields

dy _dy du (2 6
= u da = (Tu’)(2x 4+ 3) = 7(z* + 32)°(2z + 3)

d
(c) Find d—z if y = (1 — 32%)°.

Solution

d d
Let y = u°, where u = 1 — 3z2. Differentiating yields d—y = 5u? and d—u = —6z. Therefore,
U x

chain rule yields

dy _dy du gy 4y _ _a.2\4
9r = du da:_(5u )(—6z) = —30z(u”) = —30z(1 — 3z*)

20



4.1 Basic differentiation rules

2
(d) Find Y 5y — (1+2:z:) .

dx 14+2x

Solution
1+2 d

Let v = wu? where u = + :C. Differentiating yields vy o _
1+ du

1 2) — (1+2x)(1 1
du = (1+2)(2) - (1+22)(1) = . Therefore, chain rule yields
dx (14 x)? (14 x)?

de  du dz

== ] =2 T [ e 2((1115;)

(e) Differentiate with respect to x the function y = \/1 +4/14+ 1+ 2.

Solution

2u

and

d
Let u =+/1+z,v=+/1+u, and w = /1 +v. Then, y = w. Differentiating yields d—y =1,
w

1 1 1
du = —, dv = ——, and dw = —— . Therefore, chain rule yields
dr 2(1+4z)z du  2(1+u)2 dv 2(1+4wv)2
dy _ dy dw dv du _ (1) 1 1 ] 1
dz dw dv du dx 2(1+v)2 | [2(1 +w)2 | [2(1+ )2
1 1

N|=

8l+0)E(l+uwi(l+a)r 8(WI+o)(VItu (VIta)

1
8(\/1+\/1+M) (\/1+\/1+:1:> (VIta)

— Note: (Direct chain rule)

Consider the function y = [f(z)]". Then, direct chain rule yields

dy n— /
W @)

d
For example, if y = (1 — 322)® then DCR yields d—y =5(1-32%)40 — 62) = —30x(1 — 32%)%.
x

Exercise:

(a) Use chain rule to differentiate the following functions

i) y = (323 + 5z)2
iii) y = (T2 — 4)3
iv) y = (622 — 4x)~2
v) y= (322 —5)7%
vi) y = (1 +2* — 223)4(1 — 422)3
(b) Find dy when y = 4/ LS x. [ans: dy _ 11
dz 1—x dx (1+2)2

(c) Differentiate with respect to x the function y = y/x + \/x + /.

LECTURE 4
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4.2  Derivative of trigonometric functions

4.2 Derivative of trigonometric functions

O Derivative of sinz and cosz

d

. [sinz] = cosz and % [cosx] = —sinz

Proof. 1) SINE

Let f(z) = sinz. Thus, from the first principle of differentiation and using the trigonometric
identity sin(A + B) = sin A cos B + sin B cos A, we have

flz+h) - f(x)

sin(x + h) —sinz

/ _ . T
fle) =l h = h
. sinxcosh+sinhcosz —sinx . —sinz(l —cosh) +sinhcosz
= lim = lim
h—0 h h—0 h
- . . (l—cosh)} { _ sinh} B .
= —sinz [%12% + cosx }lllg% | = (—sinx)(0) + (cosz)(1)
= cosx
ii) COSINE

Similarly, let f(z) = cosz. Thus, from the first principle of differentiation and using the
trigonometric identity cos(A + B) = cos A cos B — sin Asin B, we have

flx+h) - fz)

cos(x + h) —cosx

/ o . R T
for == =i
. coszcosh —sinxzsinh — cosz . —cosx(l —cosh)—sinzsinh
= lim = lim
h—0 h h—0 h
B _ (1—cosh)] ) [ sinh} B )
= —cosw [}lllg%) | —sinz 11113% | = (—cosz)(0) — (sinz)(1)
= —sinz
O
Example(s):
(a) Differentiate the following functions wrt z: (i) y = sin(3z + 2), (i) y = cos® x, (iii) y =
sin(x?), (iv) y = zsin(x), (v) y = sm:ca and (vi) y = cos?(3x).
Solution
i) Given that y = sin(3x + 2). Let y = sin(u), where v = 3x + 2. Differentiating yields
d
Y _ cosuand ¥ = 3. Therefore, chain rule yields
du dz
d dy d
ﬁ = % : % = (cosu)(3) = 3cos(3z + 2)

d
ii) Given that y = cos®z. Let y = u3, where u = cosx. Differentiating yields cTz = 3u?

and d—u = —sinz. Therefore, chain rule yields
x
d dy d
% = ﬁ . CTZ = (3u?)(—sinz) = —3sinz cos’

22



4.2  Derivative of trigonometric functions

d
iii) Given that y = sin(2?). Let y = sin(u), where u = x2. Differentiating yields d—y = cosu
u

and d—u = 2x. Therefore, chain rule yields
o

d dy d
% = ﬁ : % = (cosu)(2z) = 2z cos(x?)
iv) Given that y = xsin(z). Let y = uv, where v = x and v = sin(z). Differentiating
yields v/ = 1 and v' = cos z. Therefore, product rule yields

d
d—y =w' 4+ vu’ = (z)(cosz) + (sinz)(1) = zcosz + sinx
T
. sin x U . . .. .
v) Given that y = ——. Let y = —, where u = sinxz and v = z. Differentiating yields
x v

u' = cosx and v' = 1. Therefore, quotient rule yields

dy wvu' —uwv'  (x)(cosz)— (sinz)(1) acosx —sinz

de 02 x2 x2
vi) Given that y = cos?(3z). Let y = u?, where u = cos(3z). Differentiating yields

d
Y — 9y and & = 3 sin(3z). Therefore, chain rule yields
du dz

dy dy du _ . B .
T dn dm (2u)[—3sin(3z)] = —6 cos(3z) sin(3x)

1
(b) If y = /1 + sinx, show that Z—y = 5\/1 — sin z.
x

Solution
1
Let y = u%, where v = 1 + sinx. Differentiating yields ;Ly = Qufé and Z—u = cosz.
U x
Therefore, chain rule yields
dy  dy du _ (1u§) (cosz) = cosT cos T
de — du dr \2 2yu 2y/1+sinz
1 coszy/1 —sinz _lcoszy1l—sinz  lcoszy1l —sinx
2(V1+sinz)(v1—sinz) 2 +/1—sin?x 2 Veostw
1
= 5\/1 —sinz
(c) Find % if y = sin(cos z).
Solution
. . e . dy u .
Let y = sinu, where u = cosxz. Differentiating yields g cosu and o = sn.
Therefore, chain rule yields
% = Z—Z . Z—Z = (cosu)(—sinx) = — cos(cos ) sinx
In general,
d .. , d y _
o fsin ()] = f/(2) o () and T [eos ((@))] = () sin (/)
Exercise:

(a) Find ;Ly if y = sin(y/x).
T
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4.2  Derivative of trigonometric functions

[1+sinz dy 1
b) If y =/ ——, sh that — = ————.
(b) Ity 1 —sing oW T 1 Tsing

(c) If m is a positive integer, find the differential coefficients with respect to z of (i) sin™ z and
(ii) sin(z™).
ilerentiate the following functions with respect to x: (1) y = sindx, (ii) y = cos(x?),
d) Diff i he following f i ith i in 3z, (i 2
2
iii) y = Vsin2z, (iv) y = 4sin?(%), (v) y = sinxzcos2z, (vi) y = C?SJ, and (vii
2

sin 3x
y = 2cosz + 2zsinx — 22 cos .
[J Derivative of tanz, cotz, secx and cosec x
I TANGENT
sinx _. L . . .
Let y = tanx = . Differentiating using quotient rule yields
cos T
dy (cosx)(cosw) — (sinx)(—sinx)  cos?x +sin®x 1 9
- = = = =sec” x
dx cos?x cos?x cos?x
Therefore, | — [tan z] = sec? z: |
dx
II COTANGENT
cosT . e . . .
Let y = cot z = ——. Differentiating using quotient rule yields
sin x
d sinz)(—sinz) — (cosx)(cosx — [sin? 2 + cos? x -1
A _ )i (osn)(eos) _ —finteseola] | 1,
x sin® x sin® x sin® x
Therefore, | — [cot ] = —cosec?x |
dx
ITII SECANT
Let y =secx = . Differentiating using quotient rule yields
coS T
d cosx)(0) — (1)(—si si 1 si
dy _ (cosz)(©) = (D(=sinz) _ sinz 1 sine ooy
dz cos?x cos?x  cosxT COST

d
Therefore, e [secz] = secx tanx |.
T

IV COSECANT

Let y = cosec z = . Differentiating using quotient rule yields

sinx
dy (sinz)(0) — (1)(cosz) —cosz -1 cosz
— = —5 =——3 = — - — = —cosec rcotx
dx sin“ x sin“ x sinx sinz
d
Therefore, | — [cosec x] = —cosec z cot x |.
dzx
In summary, we have
!
f(x) f'(z)
sinx cos T
CoS T —sinx
tanx sec?
cosec x | —cosec x cotx
secx secxrtanx
cotx —cosec2z
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4.2  Derivative of trigonometric functions

Example(s):

(a) Differentiate the following functions with respect to z: (i) y = tan 2z, (ii) y = cot 3z, (iii)

y = 3sec2x, (iv) y = secxtanz, (v) y = 2% cotz, and (vi) y = .
tanx

Solution

d
i) Given that y = tan2x. Let y = tan u, where u = 2z. Differentiating yields d—y =sec’u
U

and ;Lu = 2. Therefore, chain rule yields

x
d dy d
cTy = cTy . d—u = (sec?u)(2) = 2sec?(2x)
x u dx
d
ii) Given that y = cot3z. Let y = cotu, where u = 3z. Differentiating yields d—y =
u
d
—cosec?u and d—u = 3. Therefore, chain rule yields
x
d dy d
aTy = d—y : d—u = (—cosec?u)(3) = —3cosec?(3x)
x u dx
d
iii) Given that y = 3sec2x. Let y = 3secu, where u = 2x. Differentiating yields aTy =
U
d
3secutanwu and d—u = 2. Therefore, chain rule yields
x
d dy d
d—y = d—y : d—u = (3secutanu)(2) = 6sec(2x) tan(2x)
x u dx

iv) Given that y = secztanx. Let y = uv, where u = secx and v = tan x. Differentiating
yields u' = secztanz and v’ = sec? x. Therefore, product rule yields
dy

e uv’ + v’ = (secx)(sec? ) + (tanz)(sec x tan ) = sec® z + sec x tan® z
x

v) Given that y = z?cotx. Let y = uv, where u = 22 and v = cotx. Differentiating
yields u' = 22 and v’ = —cosec?z. Therefore, product rule yields
dy 2 2 2

e uv’ + vu’ = (2?)(—cosec’z) 4 (cot z)(2x) = 2z cot x — x2cosec’s
x

U

vi) Given that y = . . Let y = —, where v = & and v = tanx. Differentiating yields
anzx v

u' =1 and v’ = sec? x. Therefore, quotient rule yields

dy wvu' —w'  (tanz)(1) — (z)(sec?z) tanz — wsec?x

dz v?2 tan? tan?

In general,

L ftan ()] = @) sec? () and - feot ((@))] = —f'(w)eosee ((2)

dzx T

see (£())] = f(x) see (f(x)) tan (F())  and - feosee (/(a))] = " (x)cosee (f(x) cot (f(x)

Exercise:

(a) Differentiate the following functions with respect to x: (i) y = sec? 2z, (ii) y = 3sec x tan z,
9 (1 . secx

(iii) y = —cosec <§x), and (iv) y = .

x

d
(b) If y = (tanx + secx)™, where m is a positive integer. Show that d—y = mysecz.
x

LECTURE 5
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4.3 Derivative of exponential functions

4.3 Derivative of exponential functions

An exponential function of x is defined by y = €* — —(x) or y = exp(z). Consider an exponential
function of the form (x). Then,

Proof. Given y(z) =e® = y(x+h) =" = e%eh. Thus, by the first principle of differentiation,

we have . .
y'(x) = lim [y(:v +h) = y(a?)} = lim lee—e] =e” lim le _ 11
h—0 h

From the table, we have

h 0.0001 | 0.001 | 0.01 | 0.1 |-0.01 | -0.001 h
. e’ —1
e —1 Hence, lim =1
A 1.0005 1.05 h—0 h
Therefore, y'(z) = e*(1) = e”. O

d
In general, suppose y = /@), Let y = e, where u = f(x). Differentiating yields d—y = e" and
U

d d dy d
ﬁ = f’(x). By chain rule, we have ﬁ = dqu : ﬁ = ev. f!(x) = f'(z)el/®. Therefore,

4 [50)] = f/(a)el@

dzx

Example(s):

(a) Find Z—y given (i) y = €757 and (ii) y = e
x

Solution
. . -6 . . du dy
i) Giveny = e °*. Let u = —6x =y = e". Differentiating we get pre —6 and T e".
m u
d dy d d
Hence, chain rule yields G _ Y geu — _gebr, Therefore, & _ _ger,
dr du dx dx
ii) Given y = e*". Let u = x = y = e". Differentiating we get I 2z and u e".
x U
d dy d
Hence, chain rule yields S _ M oren — 2get”, Therefore, Y oper®,
de du dx

(b) Differentiate the following functions with respect to 2: (i) y = 2¢73% + €% and (ii) y = 2537,

Solution

Using direct chain rule, we have
dy d d

d d
: _ —3x dr] —3x . 4x — _Rp—3z 4z
i) o= 2—dx [e73%] + T [et] =2 [e —dx( 356):| + [e = (43:)} 6e " + 4e™*.

i) % = Qd% [esn30] = 2 [esm?’eje(sin 39)] = 2651303 cos 30) = 65139 cos 30.

(c) If y = e~2% cos 4z, find d—y

dzx
Solution
Product rule yields
d d d
% = 6_2””@ [cos4x] + cos 4x% {6_25‘:} = —4e *® sin 4z — 2¢7 %% cos dx
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4.4 Derivative of natural logarithmic functions

Exercise:
d
1. Find e given:
dx

D) y=aeV® eVl

621

T 1+ 2263w

iii) y = (6 + €3 cosdz)’

iV) y = 6s.in5ac + 2x2€cos 3z

v) y = <e3”32+6x> cos (e” +e77)
1

e + edr

i) y

tan(4-+sin 3z)

vi) y=e + 6.

4.4 Derivative of natural logarithmic functions

A natural logarithm function of x is logarithm of x to base e. For example, In |z| = log, . Thus, x
can be rewritten as x = e™?. Similarly, y = e™¥, a = %, etc. Suppose y = Inx. Then,

— [Inz] ==

dx T

Proof. Given y = Inz. Taking exponential on both sides yields e = z. Differentiating both sides

@ _ 1 = 1 Therefore, Z—y = 1 O

. . Yy
ith respect to x yields eV —= =1 = —
W p Y dx dx ey T T X

In general, suppose y = In[f(z)]. Then, ¢¥ = f(x). Differentiating both sides with respect to x yields

y@ _ f’(:z:) N @ _ f'(z) _ f'(x)

“dr de — eY f(zx)
Therefore,
d _ (@)
2 false)y = 12
Example(s):

dy x?+1
F. d d . . . — 1 2 .. :1 2 ees — 1 v - .
(a) Fin - given (i) y = In(z®), (ii) y = In(cos 2z), (iii)) y = In ( T 1)

Solution

d
i) Given y = In(2?). Let u = 22 =y = In(u). Differentiating yields d—u = 2z and
x

d 1 d dy d 2 2
ﬁ =, =2 Hence, chain rule yields ﬁ = ﬁ . ﬁ = xi; = Therefore,
dy _ 2
dr x
.. . .. . dy 1 du .
ii) Let y = In(u) where u = cos 2z. Differentiating yields i and i —2sin 2z. Hence,
d dy d —2sin2 —2sin2
chain rule yields & _ 4y o PIAT ST _ tan 2x. Therefore,
der du dz U cos 2z
d
d—z = —2tan2zx
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4.4 Derivative of natural logarithmic functions

(a2 +1)1/2

“en . x2 +1
iii) Given y = In <3> = y=1Ih W

3+ 1

1, 1
= - 1) — = 341).
] 2ln(a:—|—) 31n(x+)

1 1
Thus, y = 3 In(z2+1) - 3 In (23 + 1). Differentiating both sides with respect to z yields
dy  1d ) 1d ,
= = 5%[111(3: +1)}—§%[ln(a: +1)}
— = 1) — e — ~ (9g) -~
2(x2 + 1) :c( 1) 3(2% + 1) da («*+1) 2w+ Y T3 (3%)
B z 2t x@®+ ) -2 +1) 2ttt —a?)
o (@2+1) (@3+1) @2+ 1)@ +1) 22+ 1) (a3 +1)
2
r—z

d
(b) Find d—z given that y = sin (In 2z).

Solution

Let y = sinu, where v = In 2x. Thus, chain rule yields

dy dy du 1 d 1 cosu  cos(ln2z)

A I = 9 — il —

dx du dx (cos u) [2:1: da:( m)} (cos u) [1:] T x

1
(c) Find Z—i given y = . ji
Solution
. 1+ . . . .
Given y = 12 Taking natural logarithm on both sides yields
—x
T+a\Y2 1. /14z\ 1
Iny =1 -1 — “[In(1+x)—In(1—
ny n(l—x) 2n<1_x) 2[n( + ) —In(1 — z)]
1

Thus, Iny = 3 [In(1 + x) — In(1 — z)]. Differentiating with respect to x yields

d 1(d d

— = 1 — —[In(1 —

gl = {2}

1 dy 1 1 d 1 d 1 1 1
= 1 - T (- i
yda: 2{(1+m)da:( +2) - (l—a:)dx( x)} 2{1+x+1—x}
1
1 — a2

Therefore,

dy 11 |14z 1 (1+x)4/? 1
dr  1-a227 T 1— a2 -2 (+z)(1—-2) (1-2)Y/2 (1+2)Y2(1 -x)3/2

Exercise:
(a) ) Ify=(Vo—T)er nz, find 2. fons: 2 —
a i y = e*Inz, fin T ans: o \/7

ii) Find the gradient of the curve y = In(y/1 + sin 2z) at the point where z = g [ans: = -1]

{(222 — 2)Inz + 22 — 2}]

(b) Find Z—i given:
i) y=Iny2x+6
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4.5 Implicit differentiation

ii) y = vZIn(\/7)
1+ 2221n3x

iii =
)y 1+ y/sec(In 2x)
1

iv) y

1
T 1+2In46z  sin(In(1522))

v) y= (222 +In \/5)6 (14 2z sec2z)?
vi) y = cot (In2x + €3%)

LECTURE 6

4.5 Implicit differentiation

An implicit function is a function where the dependent variable y is not expressed explicitly in terms

d
of the independent variable x (i.e., a function where y is not the subject of the formula). To find d—y,
x

follow these steps:
i) Differentiate x normally

ii) Apply direct chain rule in differentiating y

d
iii) Collect like terms and make d—y the subject
x

Example(s):

d
1. Find cTy given zt + 1° = 125.
x

Solution

Differentiating the given equation implicitly with respect to x, we get

d;y_ 423

d
dy _,

423 + 5y* = =——
x—l_ydx dx 5y

d
2. Find d—y given y + zy + y? = 2.
x

Solution

Differentiating the given equation implicitly with respect to x, we get

dy dy dy dy -y
24241 20— = A —
dx+xd:v+()y+ T 0 = dr 14+x+2y

d
3. Find d—y when 3% — 322y + 223 = 0.
x

Solution

Differentiating the given equation implicitly with respect to x, we get

d d d
3y2d—i—3x2£ — by + 622 =0 = (3y2—3x2)£ = 6ay — 62°
Therefore,
dy  bx(y—x)  bz(y—z) 2x

dr  3(y2—22) 3y+z)(y—x) - y+ax
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4.6 Differentiation of other forms of exponential functions

d
4. If y? — 2yV/1 + 22 + 22 = 0, show that % - \/%
X

Solution

Differentiating the given equation implicitly with respect to x, we get

dy dy [1 9 _1} dy 2y
2y——2v1 2= 2y |=(1 2 2 = 2y — 21 2) == ——=—-2
Yy 2V + 7 %Y 2( +27)7 2| (22)4+22 =0 = (y V +x)d$ Nip x

Therefore,
2zy 9
— — 2z ./ 2
@: 1+ a2 _ Qx(y 1—|—:L’) _ z
de2y—2/T+a?  oVT+aZ(y—Vi+a?) Vita?
Exercise:

1. Find dy given:
dz

Q
8
<
S
I
—_
=)
—
8
[\
+
<
[
~—

(g) cos(x + y)sin(x — y) = 202>
0 gty — 20
VY
. T+Y\ 9
(i) ln( 2y ) = 10x

4.6 Differentiation of other forms of exponential functions

Consider exponential functions of the form

I: A constant raised to a function (e.g., y = 10%3%)
In this case, introduce natural logarithm on both sides first. On the left differentiate implicitly
and on the right hand side differentiate normally.

Example(s):

d .
(a) Find d—y given: (i) y = a® where a is a constant, (i) y = 377 6710 and (iii) y = 45057,
T

Solution

i) Given y = a®’. Taking natural logarithm on both sides yields
Iny =2%Ina

Differentiating with respect to z yields

d d 1d d
£[lny]:%[x21na] = ;ﬁz%plna = %z%cylna

d
Therefore, Y 92a” Ina.
dx
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4.6 Differentiation of other forms of exponential functions

i) Given y = 372°+62+10 Taking natural logarithm on both sides yields
Iny = (—z + 62+ 10)In 3
Differentiating with respect to z yields
dy

1dy
-~ =(-2x+6)lIn3 = = =(—2x+6)yln3
ydz (=22 )In dz (=2 )y1n

d
Therefore, d—y = (—2z + 6)3~ =" +6=+10 ]y 3,
x
iii) Given y = 455, Taking natural logarithm on both sides yields
Iny =sinbxln4

Differentiating with respect to = yields

1d d
5% =b5cosbrlnd = ﬁ = (5cosbx)yln4
Therefore, aTy = (5cos 5)4515% In 4.
x
Exercise:
T dy
i) Find 7, Siveny = a® 4+ b", where a and b are constants. [ans: et a®lna+ b* Inb|
x x

II: A function raised to a function (e.g., y = x'213%)

In this case, introduce natural logarithm on both sides first. On the left differentiate implicitly
and on the right hand side differentiate using product rule.

Example(s):

(a) Find Z—y given: (i) y = 2%, (ii) y = (tanx)”, (iii) y = (sin 4:0)5'32, and (iv) y = (eIZ)x.
T

Solution

i) Given y = z®. Taking natural logarithm on both sides yields
Iny=zlnz

Differentiating with respect to z yields

d d
—I1 = —Jxl
Dyl = L il
1d d d 1
= 1l+Inz

d
Therefore, d—y =y(l+Inz)=2"(1+Inz).
x
ii) Given y = (tanz)”. Taking natural logarithm on both sides yields
Iny = xzIn(tan x)

Differentiating with respect to = yields

d d
—1 = —|zrl
7y Y] o, [z In(tan )]
1d d d 2
&% = x%[ln(tan z)] + In(tan (L‘)%({L') =z- Stzcnj + In(tan z)
zsec? z
= oma + In(tan x)

d 2 2
Therefore, & _ Yy (:xsec Ty In(tan ac)) = (tanx)” (xsec Ty In(tan m))
dx tan

tanx
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4.6 Differentiation of other forms of exponential functions

iii) Given y = (sin 4x)r2. Taking natural logarithm on both sides yields
Iny = 22 In(sin 4z)

Differentiating with respect to = yields

d d. '
%[ln y| = %[:ﬂ In(sin4x)]

1 dcosd

yfl:zz = x2%[ln(sin 4z)] + In(sin 4x)%(x2) — 2. 5(131(1)84; + 22 In(sin 4)

= 4z cot 4z + 2z In(sin 4z)

d
Therefore, d—y = y [42? cot 4z + 2z In(sin 4x)] = (sin élac)x2 [42? cot 4x + 2z In(sin 4x)].
T

Exercise:

(b) Differentiate the following functions with respect to z.

i) Y = LCOST [ans; @ — pcosx <_ sinzlnz+ COS:E>]
dx T
11) y — (Sln x)x [ans: @ — (Sln x)ac (ID(SIH fL‘) + T cot "L'):I
€
dy 142z
i o\ dy _ - )
iii) y = (v +27)%. [ans: I (z + x°) (]n(x+x)_|- 1+x>]
d 1
iv) y* = . [ans: ﬁ = % (x — lny>]
. dy y
Y — Cdy 1 Ly
V) sin . [ans: el <cot:z m>]
i) o dy y 1
ST __ LAy 1
vi) yoT = /. [ans: T sna (Qm cot zIn y)]

(b) Find Z—y given:
x

= (cos 3z)sm 3z

III: Derivatives of other logarithmic functions e.g., y = logy (322 + 1)

d
To find —y, first convert the logarithm to index notation then introduce natural logarithm on
x
both sides.
Example(s):
d
(a) Find ﬁ given: (i) y = logy (322 + 1), (ii) y = loggy » T, and (iii) y = log, (cos 3x)

Solution

i) Given y = logy(322 4+ 1). In index notation, we have 2¥ = 322 + 1. Taking natural
logarithm on both sides yields

yIn2 =In(3z% + 1)

Differentiating with respect to z yields

d d dy 6x
—[yln?2] = —] 241 I no =
7oy e m@2m D] = 2= o

Therefore, @ = 6—$
dez (3224 1)In2
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4.7 Inverse trigonometric functions

ii) Given y = logg, , =. In index notation, we have (sinz)? = x. Taking natural logarithm
on both sides yields
yln(sinz) =Inz

Differentiating with respect to = yields

COS T

. dy 1 . dy 1
o —i—ln(smx)% =- = ycotaz%—ln(smx)% =

d 1 1
Therefore, Y _ ( — y cot :z) —.
dz x In(sin x)
iii) Given y = log,(cos3z). In index notation, we have 2¥ = cos3z. Taking natural
logarithm on both sides yields

ylnx = In(cos 3z)
Differentiating with respect to = yields

Y

7+ln($)@_—3sm3:ﬁ N Y dy
T

- + ln(x)@ = —3tan3x

dr  cos3z

Therefore, d—y = (_y — 3tan 3x> L
dz T Inx

LECTURE 7

4.7 Inverse trigonometric functions

Yy = sin~! z = arcsin T, Y= cos !z = arccos T, Y= tan~! z = arctan x

Y= cosec” 'z = arccosec T, Y= sec !z = arcsec T, Y= cot !z = arccot .

1 1
—1

——, cos”x #

sin CcoS T

— Note: sin~!z #

, etc.

4.7.1 Derivative of inverse trigonometric functions
dy
To find T follow these steps
x

i) Introduce the trigonometric function corresponding to the given inverse on both sides of the
given equation

ii) Differentiate implicitly on the left hand side and differentiate normally on the right hand side.
d
iii) Make Y the subject.
dx
To find a suitable form of the trigonometric function in the denominator,

[0 put the given equation in place of y, or

[ replace the denominator by either making use of trigonometric identities or draw a right angled
triangle and find the missing side using Pythagoras theorem, as follows:

For example,

I Let y=sin"'2 = siny = z. Differentiating both sides with respect to x yields

dy dy 1
oy dx dxr  cosy

d 1
O Formula 1: putting y = sin~! z in place of y yields & _ —
dz  cos (sin™!z)
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4.7 Inverse trigonometric functions

O Formula 2:
00 using the identity cos’y + sin?y = 1 = cosy = +/1—sin?y.  Thus,
dy 1 dy 1

= ————. Putting siny = x yields =—, 0
dx 1 —sin’y & Sy Y der /1 —x2

L] using the right angled triangle

T

From siny = x, we have opposite is x and hypotenuse is 1. From

Pythagoras theorem, the adjacent is given by v/1 — 2. From the
d 1
diagram, cosy = v/'1 — x2. Hence, d—y = ﬁ
€ -
V1—2a2?

1
V1—2x2
1

IT Let y=cos™ & = cosy = x. Differentiating both sides with respect to x yields

Therefore,

% [s.in_1 x} =

oy ) dy -1 1 1
— Sin —_ = —_— = = =
Yir dr siny /1 —cos?y 1— a2
Theref [cos™! ] = S
erefore, | 7 T

III Let y=tan 'z = tany = z. Differentiating both sides with respect to z yields

d
sech - 1

dy @7 1 1 1
dzx

dz  sec?y B 1+ tan?y T 14422

_ 1
1422

e [tan*1 a:}

Therefore,

IV Let y =cot™'z = coty = z. Differentiating both sides with respect to z yields

dy -1 -1 -
dr  cosec?y 14cot’y 14 a2

dx

Therefore,

V Let y =sec ™'z = secy = x. Differentiating both sides with respect to z yields

tan v Y ) dy 1 1 1
secytany—— = = = = =
YRRy g dr  secytany  gecy ( sec?y — 1) V2 —1
resore| L o2 =

erefore, | 7 Y

VI Let y = cosec™'z = cosec y = z. Differentiating both sides with respect to z yields

dy dy -1 ~-1 -1
—cosec ycoty— = 1 = —= = — _
dx dr  cosec ycoty  cosec y (\/W) xvVx? -1
Theref [Cosecflx} = _71
erefore, | 7 T
Example(s):
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4.7 Inverse trigonometric functions

dy

(a) Find e if y =sin1(222 + 2 +1).

Solution

d 1 d
Let y = sin™! u, where v = 222 4+ x + 1. Differentiating yields Y and ¥4 + 1.
du 1— w2 dx
Therefore, chain rule yields

dy dy M_(l)(4$+1)_ dz +1
dr  du dr  \1—u2 V1 — (2222 +1)2

(b) Find % if y = cos™1(2z +1).
T

Solution

d -1 d
Let y = cos™! u, where u = 2z + 1. Differentiating yields Y and o Therefore,
du 1 —u2 dx
chain rule yields

dy dy du_( -1 >(2)_ -2
de  du dr  \V1_—u2 CV/1-(Q2z+1)?
. dy . 1
(c) Find T if y =tan™"(cosz + z).
x
Solution
-1 . .. . dy 1 du .
Let y = tan™" u, where v = cosz + z. Differentiating yields — = and — = —sinxz + 1.
du 1+ u? dz
Therefore, chain rule yields
dy dy du 1 . —sinz +1
(= (= 1) =
dr du dz <1+u2)( sinz +1) 1+ (cosz + x)?

(d) Differentiate y = xsin~! x with respect to z.

Solution
1
V1—22

Let y = uv, where v = 2 and v = sin"! 2. Differentiating yields /' = 1 and v/ =

Therefore, product rule yields

dy

dx

1 1

=uw' +vu' = () <m) + (sin™t2)(1) = \/%7 +sin”" "z

(e) Find % when (i) 6 = cos™1(1 — 2t?) and (ii) § = sin~!(2¢3 — 1).

Solution

i) Given that 6 = cos™!(1 — 2t?). Let § = cos™ ! u, where u = 1 — 2¢2. Differentiating yields
do -1
i \/17—7u2 and di: = —4t. Therefore, chain rule yields

o do du_( -1 >(_4t)_ At B At
dt — du dt  \V1—u2 VT (1 —22)2 V114482 —at?
4t 4t 2

I8 /-2 Ji-@
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4.7 Inverse trigonometric functions

ii) Given that § = sin=!(2t3 — 1). Let § = sin~!u, where u = 2t3 — 1. Differentiating yields

db 1 d
= \/ﬁ and ditL = 6t2. Therefore, chain rule yields
o do du_( 1 )(6752) 6> 62
dt  du dt  \V1-—u2 VI-@2B 12 Vi-4014P -1
B 4t 6 3t
42t —tY)  2tvt—tr Vit —tt
2
(f) If y = (tan™! 93)2, prove that % {(1 + xQ)Zz} =i

d 1
Proof. Let y = u?, where u = tan~!xz. Differentiating yields Y — oy and & = .
du dx 1+ a2

Therefore, chain rule yields

dy dy du—(2u)( 1 )_2‘5&11_195
B 14+22) 1422

de  du dzx

Now,
2

d dy d 2tan"! x d _
Z 12y = e 2V 219 L7l G
dm,{( +2?) x} dx{( +o) T } dx{ tan~! o'} T

Exercise:
. I dy
(a) i) If y =sin""(cosz), show that e —1.
i) If y = sin~!(3z — 423), show that v/1 — ng—y =
x
d
iii) If u = 6% + (sin™ 6)* — 20v/1 — 6% sin~' 4, show that /1 — 02d—z = 46%sin~1 0.
(b) Find the derivative of the following functions: (i) y = 2 (sin_l)x)2, (ii) y = Vtan—! z, and (iii)
y = sin (tan"' z).

. oody I dy 1
Find ¥ that y = sin~! \/z. N N
(c) Fin 7, given that y = sin N3 [ans i m]
(d) Find % given:
_ 1
: _ sin™!(3z)
y=e 2x + cos~1(4x)

ii) y = 2% + cos™!(4x)

iii) y = In (22 4 2%)
sin~!(3x)

"~ 237 4 sin 3

iv)

v) y = cosec™!(3x)
i)
)

Qﬁ

vi) y = 2%cosec™! (4x)

vil) y = 2% sin~!(22)

CAT 1

LECTURE &
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4.8 Parametric differentiation

4.8 Parametric differentiation

If both = and y are defined as functions of another variable (parameter), say ¢, i.e., z = z(t), y = y(t),

then
dy_<@>;<®)_dwﬁ
de  \dt) ~\dt) dax/dt

Example(s):

d
1. Find d—y, in terms of the parameter ¢, when (a) z = at?, y = 2at, (b) x = (t+1)%, y = (t* - 1),
T
and (c) x = cos~1(3t), y = sin~1(3t).

Solution

(a) (ji—f = 2at, % = 2a. Therefore, % gz;(ﬁ % %

(b) Z—f =2(t+1), d—z; = 2t. Therefore, ZZ = Zi;ﬁ = 2(752—|t— 0 = t—lt— T

(c) Rewrite as cosz = 3t, siny = 3t. Differentiating with respect to t yields — sin xd—f = 3 and
cosy% = 3. Hence, % = _siix = —\/ﬁw and % = co?;y = \/ﬁw Therefore,

TV L

Exercise:
d
(a) Find d—y given:

i) x =1n(2t?), y=1In(4+1t?)
i) 2 =2t y=27"¢
iii) o =tan=1(2t), y = sec™1(2t)
iv) o = tsin(t?), y = t3cos(t?)
t? 1—t2
S el el e
i) o =elcos2t, y=e lsin2t
)
)

A

S

V1

vil) x =60 —sin20, y =0+ cos 20

viii) = acos®f, y = bsin®0

4.9 Higher order derivatives

Suppose y(z) is an n—times differentiable function of x. Then,

d
First derivative of y(x) is given by ﬁ =y (x)
2
Second derivative of y(z) is given by % Zl%/ = % =y (x)
Third derivative of y(z) is given by di
x

nth derivative of y(x) is given by

Example(s):
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4.9 Higher order derivatives

dy d*y d° d*
1. Given that y = 42® — 622 — 92 + 1, find %, d—lg, dT;Z’ and dT:Z'
Solution
dy d?y d3y dy
= 1222 — 122 — — = 24x — 12 — =24 — = 0.
dz * z=9, dz? v ’ dz3 ’ dz? 0
2. Find @ and 2 when (a) y = 2'° and (b) y = cos 2z
’ dx? dx? ’
Solution
dy d?y d3y
Y1020 —— = 902" —2 =720z".
() dx x, dz? v dz3 o
d d? d?
(b) d—z = —2sin 2z, d—y —4 cos 2z, d—xz = 8sin 2z.
d?y 2d
3. Ifyzcosx,prove that ﬁ—i-fdfy—i- = 0.
x— [cosx] —cosx—[x] i
Proof. Quotient rule yields @ = ar de” ~ _ TTSWMT T COST
dx x2 x2
22 d . 2
42y d:];[ zrsinz — cosx] — (— :Usmw—cosm)%[x ]
dz? x4
r?(—xzcosz —sinz +sinz) + (vsinw + cosw)(22) —a®cosz + 222 sinx + 2w cos
—x?cosx + 2xsinx 4+ 2cosx
Now,
>y 2dy —z2cosx + 2xsinx +2cosxz 2 <—xsinaz — cosx) cos T
_ 7 7 — + =
dz?  xdx a3 x x? x
_ —x?cosx + 2rsinx + 2cosx — 2xrsina — 2cosx + 22 cos x
= —
=0
O
d? d? d*u d du, d? d?
4. Given that v and v are functions of z, show that e (uv) = . 13L + 3ch1;£ d—zd—a;; + ud—w‘;
Proof.
d? d | d? d[d(d d [d (du dv
w(uv) = - [dxz(uv)] == le {dx(uv)H = Ll:v {dxv-f—udxH (product rule)
_d d2uv+2dudv u@ _d?’iuv @@ @@ du d*>v  du d*v
T dx | da? dx dz de? | da3 dx? dx de?de " “dxda? T dxda?
~ da3 dz? dx dx dx? dx3
]
Exercise:
1. Find —5 In2 5 When (a) y = (1+4z+2°)sinz, (b) y = rtan™" z, (c) y = T+ 2 (d) y = (3x—sin 2z)

and (e) y = In(3z3 4 4z — 1) + ze*”
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2.

If y = s11;x7 find % and dT:z Hence, prove that xQd—lg + 437% +(2* +2)y = 0.

LECTURE 9

5

5.1

Applications of differentiation

Equation of a tangent line and normal line to a curve

Consider the diagram below

Yo

Tangent line Normal line

(@0, 0) A tangent line to a curve is a line that touches the

curve at one point, say (zo,yo), while a normal
line to a curve is a line perpendicular to the
tangent line and passes through the point (xg, yo).

|
|
|
|
I
|
|
l
o

. The rate of change of y with respect to z, i.e., & _ y'(x), gives the gradient function to the

dx
curve y = f(x).

d
If y/'(z) (or d—y) is evaluated at point x = zg, the result is the gradient of the tangent line at the
x

point = = xg.
Since the normal line is perpendicular to the tangent line, the product of their gradients must

m1><m2:—1,

where m, and mo represents the gradient of the tangent line and normal line, respectively.

be equal to —1, i.e.,

. To find the equation of a straight line, we require a known point (zg,yo), a general point (z,y),

A—y, of the line. Thus, the equation of a
x

which must all lie on the line, and the gradient, m =

straight line is given by

Example(s):

1.

Find the equation of the tangent line and normal line to the curve 22 + 2zy + 3y = 17 at point
(1,2).

Solution
Clearly, the point (1,2) lies on the given curve. Now, differentiating the given curve implicitly

d d
with respect to = yields 2z + Qxd—y + 2y + Gyd—y = 0. Therefore,
T T

dy _ —(z+y)
dx x + 3y
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5.1 Equation of a tangent line and normal line to a curve

d —(1+2 3
The gradient of the tangent line at point (1,2) is d—z = 1(+;L(2)) = -z =m. Thus, the
equation of the tangent line at point (1,2) is
y-2_ 3 _ 3,17
= —— = ——2x -
r—1 7 V=Tt
: . . 7 .
The gradient of the normal line at (1,2) is mg = — = 3 Thus, the equation of the normal
m1
line at (1,2) is
y-2_1 7.1
r—1 3 Y=3"73

2. Find the equation of tangent line and normal line to the following curves at the indicated points.

(a) 2e7* 4 e¥ = 3e* ¥ at point (0,0).

Solution

Clearly, the point (0,0) lies on the given curve. Now, differentiating the given curve
implicitly with respect to x yields —2e~* + e¥y’ = 3(1 — y')e* Y. Therefore,

, 2e7T 4 3e"7Y
vy = ey 4+ 3er~Y
d 2¢794+3% 243 5
The gradient of the tangent line at point (0,0) is % = ZO ++3€§ =1 i i my.
Thus, the equation of the tangent line at point (0,0) is

TR
r—0 4 Y1
: . . 1 4 _
The gradient of the normal line at (0,0) is mg = —— = —5 Thus, the equation of the
m1
normal line at (0,0) is
y—0 4 N 4
= —— = ——X
r—0 5 Y775
(b) xy = 6e2*~3Y at point (3,2). [hint: m; = 10/21]
t? ¢
(c) = e ViR [hint: my = 7/2]
(d) y =acos®t, x =asint att:%. [hint: m; = —1]

3. The parametric equations of a curve are x = 3(20 —sin20), y = 3 (1 — cos26). The tangent

and normal to the curve at the point P where 6 = 1 meet the y—axis at L and M, respectively.

9
Show that the area of triangle PLM is 1 (m—2)%

Solution
dx dy . dy  dy/df 6 sin 260 sin 20
—=3(2-2 20 d == = 65in 20. Theref — = = = .
de ( cos 20) an do S rEROTS dx/d0  3(2—2cos20) 1—cos26
T dy sin (%) 1
hen 6 = =, Y — - ~1.H
When ¢ 47 dr 1—cos(3) 1-0 enee,

O gradient of the tangent at P is 1. Now, the value of x when 6 = % isz=3[5—sin(})] =
3mr—6

. The value of y when 0 = % is y = 3[1 —cos(%5)] = 3. Thus, the co-ordinate of

point P is <37r2— 6,3).
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5.2 Linear approximation/small changes

[0 Equation of the tangent at P is

-3 3m—6 12 — 37

2

12-3 12—-3
Thus, the y—intercept is y = Tﬂ Hence, the co-ordinate of point L is (0, 5 ﬂ).

[ gradient of the normal at P is —1. Thus, equation of the normal at P is

y—3 _ _ 3m—6 3 _ 3
2

3 3
Thus, the y—intercept is y = 777 Hence, the co-ordinate of point M is (O, ;)

: -6
M l N 37\ Height of triangle PLM is h = ST and the
' 3r  12-3
(?’5—5 3) base length is LM = g — 5 T _3r—6
N Thus, area of triangle PLM

o

Exercise:

1. Find the equation of tangent and normal to the following curves
(a) 12(2? + y?) = 25zy at point (3,4)
(b) 2%y =z + 2 at point (2,1)
(c) zy =In ( ) at point (1,3)
(d)

)

d :Cy = 6e2*3Y at point (3,2)

(e

1 =1 at point (1,1)
Y

t2 +1 3 -7
f = — =——att=1
O r=gm V= ®
2. Show that the equation of the tangent to 22 + 2y + y = 0 at the point (z1,y1) is (221 + y1)z +
(xr1+1D)y+y1 =0.

3. Show that the equation of the tangent at (x1,%1) to the curve ax? + by? + cxy + dxr = 0 is

1 1
a1z + by1y + 5c(ylac + x1y) + 5cl(:cl +z)=0.

LECTURE 10

5.2 Linear approximation/small changes

Linear approximation is a technique used to estimate values of some functions close to some known
results. The equation of tangent line at the point (xg,yo) can be used to approximate the function
y(x) close to this point. Now, the gradient of tangent line to the curve y(x) at point (xo, yo) is denoted
by

dy

- — !
o Yy (zo)

(z0,y0)

41



5.2 Linear approximation/small changes

Y—1Y
= /(o).
T — X0

Therefore, for x close to z¢ and denoting yo = y(xp), we have the following approximation of y(x):

A
Thus, the equation of the tangent line at this point is A—y = gradient =
x

(y(@) ~ y(wo) +/(w0) (= — o).

— Notes:
d _
(1) This formula comes from the slope W L2 for 4 close to xo.
dr x — xg
- : Ay dy . . S
(2) This is also equivalent to taking Ay I e the differential as an approximation of the
x x
increment.
Example(s):

(a) Use linear approximation to estimate (i) v/26 and (ii) v/80.

Solution
1
i) Note that /26 = 262. Let y(z) = 2z = y'(z) = ix_% Take xg = 25 (a value close
1 1
to 26 and has exact square root), we have y(zg) = (25)% =5 and y'(zg) = 5(25)7% =10

By linear approximation, we have

y() = yleo) +y (@) (e — 2) =5+ 15( — 25)

Plugging in = = 26 yields

26 — 2 1
(26-20) 5L 51

y(26) ~ 5+ 10 0

Therefore, v/26 ~ 5.1.

1
ii) Note that v/80 = 801. Let y(z) = 21 = y'(z) = ZZL‘_%. Take xo = 81 (a value close
1 1
to 80 and has exact fourth root), we have y(zg) = (81)i =3 and ¥/ (x0) = 1(81)7% = 108"
By linear approximation, we have
1
y(w) ~ ylao) o/ (w0)(x — w0) = 3+ T (x — 81)
Plugging in = = 80 yields
(80 — 81) 1 324-1 323
80) ~ 3+ ——F=3—— = = — ~2.9907
y(80) 08 108 108 108
Therefore, v/80 ~ 2.9907.
(b) Use differentials to approximate (i) cos(44°) and (ii) sin(60°1").
Solution
. dy : ™ . .
i) Let y =cosz = g = s Take xg = 45° = 1 (a value close to 44° and its cosine
x
1
can be obtained without using SMP table or a calculator), we have y(xg) = cos(45°) = 7
1
and y'(zg) = —sin(45°) = 7 By linear approximation, we have

y(z) = y(zo) + v (zo)(x — z0) = \2 - \2 (x _ 4)

42



5.3 Related rates

11
Plugging in z = 44° = 4—57T radians yields

117 1 1 11r «
) o - (L -T) =004
y(45) 2 2(45 4)

Therefore, sin(44°) ~ 0.7194.

d
ii) Let y = sinz = d—y = cosz. Take zg = 60° = % (a value close to 60°1" and its sine
x
3
can be obtained without using SMP table or a calculator), we have y(xg) = sin(60°) = \g
1
and y'(z9) = cos(60°) = 7 By linear approximation, we have
V3 o1 T
vo) & ylao) +o/ (wo)w —a) = 52+ 5 (2= F)
2 2 3
Plugging in z = 60°1’ = (7?: + 0.0003> radians yields
T V3 1 /xw s
—+0.0003) =~ —+=|—=+0.0003— - ) =0.86618
Y (3 * ) 2 732 (3 ” 3)
Therefore, sin(60°1") ~ 0.86618.
Exercise:
(a) Estimate v/30 by linear approximation. [ans: v/30 ~ 1.975]
(b) Find the approximate value of 801 using linear approximation. [ans: 801 ~ 26.75]

(c¢) Find the cube root of 24 without using a calculator.
)

(d) Find the linearization of the function y = vz + 3 at 9 = 1 and use it to approximate the
numbers v/3.98 and v/4.05. Are these approximations overestimates or underestimates?

(e) Use linear approximation to estimate In(1.1). You must make an appropriate choice of where
to center your approximation. Draw a picture illustrating your approximation and write and
explanation of why you chose to base your approximation where you did (In other words, explain
your choice of xp).

d
(f) Use a linear approximation to estimate y(4.1), given that y(4) = 2 and d—y = Vz2 + 20.
x

5.3 Related rates

dx
If a variable x is a function of time ¢, the time rate of change of x is given by T When two or more

variables, all functions of ¢, are related by an equation, the relation between their rates of change

may be obtained by differentiating the equation with respect to t. For example, if 22 = 22 + y? then

d d d
4= _ 230—ng + de—?z. To solve related rates problem,

differentiating implicitly with respect to ¢ yields 2z FTRRrT,

do the following;:

i) Assign symbols to all quantities given and their respective rates of change. Use a sketch where
necessary.

ii) Write an equation relating all the variables whose rates of change are given or are to be
determined.

iii) Apply chain rule of differentiation to differentiate implicitly both sides of the equation with
respect to time ¢
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5.3 Related rates

iv) Substitute into the resulting equation all the known variables and their rates of change. Then,
solve for the required rate of change.

Example(s):

1. Sand is falling in a conical pipe at a rate of 100 m?® per minute. Find the rate of change of the
height when the height is 10m. (Assume that the coarseness of the sand is such that the height
is equal to the radius).

Solution

O Step I: Let V' be the volume of the conical pile, h the height and r the radius. Given

av dh
o 100 m?/min. We are required to find T when A = 10m and r = h.

1 1
[0 Step II: At time ¢ the coned has volume V = §7T7’2h. Putting r = h yields V = §7rh3.

[0 Step III: Differentiating implicitly with respect to ¢, we obtain

v _ e odh L dV
at ~ " ar it~ wh? dt
av dh 1 1
O Step IV: Substituting i 100 and h = 10 yields i W(IOO) = — =0.318 m/min.
™ ™

Therefore, the height is increasing at the rate of 0.318 meters per minute.

2. Gas is escaping from a spherical balloon at the rate of 900 cm?3/s. How fast is the surface area
shrinking when the radius is 360 cm.

Solution

O Step I: Let V' be the volume of the sphere, S the surface area and r the radius. Given

av as
o —900 m?/min. We are required to find T when r = 360m.

4
[ Step II: At time ¢ the coned has volume V = gm’?’ and surface area S = 4mr?.

O Step III: Differentiating implicitly with respect to t, we obtain

av odr as dr
E = 47r % and E = 87'('7’%
ds 1 dV dsS 2dV
Thus, 22 = - o _ 24
s, g =8 (4 ) at ~ rdt

d d 2
O Step IV: Substituting i —900 and r = 360 yields s —900) = —5. Therefore,

dr ~ 3600
the surface area is decreasing at the rate of 5cm? per second.

3. Car A is traveling west at 50km/h and car B is traveling north at 60km/h. Both are headed for
the intersection of the two roads. At what rate are the cars approaching each other when car A
is 0.3km and car B is 0.4km from the intersection?

Solution
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5.3 Related rates

0 Step I: Let = and y be the distance of car A and
B from C at any time ¢, respectively. Let z be the

distance between car A and B at any time t. Given

d d
d_j; = 50km/h and d_?: = 60km/h. We are required

to find % when x = 0.3km and y = 0.4km.

O Step II: At time ¢ the distance between A and B
is 22 = 2% + 2.

[0 Step III: Differentiating implicitly with respect to t, we obtain

22— =20— +2y—= = = —
z r— + 2y xdt—i_ydt ()

dz dx dy % l( dx @)
dt dt dt dt 2

0 Step IV: When z = 0.3km and y = 0.4km, we have

2= Ja? + 42 = /(03)2 + (0.4)2 = 0.5km

d
Substituting = 0.3km, y = 0.4km, z = 0.5km, d—f = —50km/h and d_i/ = —60km/h in
1

d
equation (x) yields d_i =05 ((0.3)(—50) + (0.4)(—60)) = —78. Therefore, the two cars are

approaching each other at a rate of 78km /h.

Exercise:

1. Water is running out at the rate of 5cm3/s. If the radius of the base of the funnel is 10cm and
the altitude is 20cm, find the rate at which the water level is dropping when it is 5cm from the
top.

Solution

Let r be the radius, h the height of the surface
of the water, and V the volume of water in the
cone at time t. The volume of the cone at time ¢
is given by the equation

V = 571'1"2}7/
But by similar triangles, we have L ﬁ = r= ﬁ Therefore, V = 17T <ﬁ>2h =
Y &%, 10 ~ 20 — o YT 3T

V= 17T—2h3. Differentiating implicitly with respect to t, we obtain

W _wdh b4 av

dt 4 dt dt — 7h? dt

dVv dh 4 4

Substituting e —5cm3/s and h = 20 — 5 = 15cm, we get il 7r(15)2(_5) =~

4
Therefore, the water level is dropping at the rate of T cm/s.
T

2. Gas is escaping from a spherical balloon at the rate of 0.02m?/s. How fast is the surface area
shrinking when the radius is 4m.
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5.3 Related rates

Solution

4
Given o —0.02m3/s. At time t, the sphere has radius 7. So, volume, V = —mr? and surface
area, S = 4mr?. Now,

WV g™ na 2 _ g 4524V
dt di a - dt  rdt
ds 2

hen r = 4m, — = —(—0.02m?/s) = —0.01m?/s.
When r = 4m, 7 4m( 0.02m?>/s) 0.01m*/s

. Water is running out of a conical funnel at the rate of 1000m?/s. If the radius of the base of

funnel is 40mm and the altitude is 80mm, find the rate at which the water level is dropping
when it is 20mm from the top.

Solution

Let r be the radius and h be the height of the surface of the water at time ¢ and V' be the volume

of the water in the cone. So, V = §7rr2h. Given further that » = 40mm when h = 80mm =

r 40 h
— = — =—. N
Y= %0 = r 5 ow,

dV_l th+2 hdr ddr_ldh
a 3" a3 dt dt 2 dt

av 1 dh 2 1dh 1 dh2 dh 1 ,dh
— = —n(h/2)?— + =7(h/2)h=— = —mh®’— Th®— = “qh?—
= g R g g = a1
Therefore,
dv 1 ,dh
a1 a
dv 5
When i —1000m?>/s, h = 80mm — 20mm = 60mm = 0.06m. Hence,
1 dh dh ~ —1000m3/s x4  —10
1 3/¢ — 20(0.06)2m2 2 an _ _
000m” /s = 7(0.06)"m"Z; dt — 7(0.06)2m? or

4
4. Sands falling from a chute form a conical pile whose altitude is equal to - the radius of the base.

(a) How fast is the volume increasing when the radius of the base is 0.3m and is increasing at
the rate of 0.025m/s.
Solution

Let r be the radius of the base, h be the height, an V' be the volume of the conical pile at
1
time t. So, V = §7rr2h. Given further that h = 3™ Now,

av._ 1 edh 2 dr g dh_ Adr
ar 37w T3 M T 3w
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5.4 Turning points/Stationary points/Critical points/Extrema

av. 1 o /4dr 2 4 \Ndr 4 ,dr 8 Ldr 4 Ldr
=3 () e (5r) G = oG = 5
Therefore,
v 4 odr
at 3" dt

When r = 0.3m, % = 0.025m/s. Hence,

d 4
dit/ = g7r(0.3m)2(().025m/s) = 0.0037mm?/s

(b) How fast is the radius increasing when it is 0.6m and the volume is increasing at the rate
of 0.024m?/s.

Solution

When r = 0.6m, ﬂ

T 0.024m3/s. Hence,

d dr  0.024m? 3 1
o dr dr m?/s x _ L s

4
0.024m3/s = —7(0.6 = =
m/s = gm(0.6m)To dt ~ dr x (0.6m)2 207

5. A spherical balloon is blown up so that its volume increases at a constant rate of 2cm?/s. Find
the rate of increase of the radius when the volume of the balloon is 50cm?.

6. Ink is dropped onto blotting paper forming a circular stain which increases in area at the rate
of 5cm?/s. Find the rate of change of the radius when the area is 30cm?.

7. A rectangle is twice as long as it is broad. Find the rate of change of the perimeter when the
breadth of the rectangle is 1m and its area is changing at the rate of 18cm?/s, assuming the
expansion is uniform.

5.4 Turning points/Stationary points/Critical points/Extrema

The points at which the slope (gradient) of a curve is zero are called stationary/turning points. For
example, consider the following curve y = f(z):

A- a maximum turning point

B- a minimum turning point

C- a point of inflection

To classify the stationary values, consider the points A; and As, By and By, C7 and Cs which are left
and right of A, B, and C, respectively, and close to them.

(1) First derivative test (or sign test)
d
This test relies on the sign of d—y just to the LHS and just to the RHS of the turning point.
x

d
Consider the behaviour of the gradient d—y at points A, B and C.
T

O For A (a maximum point)
d
at point Aq, d—y is positive (+ve)
x
dy
at point A, —— is zero (0
P , = is zero (0)

d
at point Ao, aTy is negative (-ve)
x
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5.4 Turning points/Stationary points/Critical points/Extrema

O For B (a minimum point)
d
at point By, d—y is negative (-ve)
x
dy
at point B, —= is zero (0
D , = is zero (0)

d
% is positive (+ve)

O For C (a point of inflection)

at point Bs,

dy
—= is positive €
. 18 positiv (+ve)

d
at point C, ﬁ is zero (0)

at point C1,

d
at point Cs, d—y is positive (+ve)
x

Summary:
Maximum | Minimum | Inflection
d
Sign of %Y when +0 - ~04+ |+0+OR-0-
dx
moving through a stationary value | AN AN yan s OR \

d d? d
(2) Second derivative test: first compute ﬁ and d—x‘z Now, when passing through point A, %
d
changes from +ve to -ve i.e., d—y decreases as x increases
x
d? d?
) is negative (i.e., d—;; <0)

d d
Similarly, when passing through point B, d—y changes from -ve to +ve i.e., d—y increases as x
x x

increases ) )
d~y d-y
— is positive (i.e., —5 >0
dx? P ( dxz? )
Summary:
Maximum Minimum Inflection
2
Sign of d—z at negative positive Z€ro
T

. N d?y . d*y . d?y
a turning point | i.e., (d:z:2 < 0) ie., (de >0 i.e., ol 0

In summary, the steps for finding critical points are?

i) Find the first derivative

ii

111

)

) Set it to zero
) Find the turning points
)

iv) Use the second derivatives to check whether the points you found are maxima/minima/points
of inflection.

Example(s):

1. Find the stationary points of the following curves and classify them.
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5.4 Turning points/Stationary points/Critical points/Extrema
(a) y =2t + 423 — 6.
Solution
Differentiating the given curve, we obtain
d d?
& _ 443 +122% and GY 19,2 + 24x
dx dx?
. . dy . 3 9 ) .
At a stationary point, e 0, i.e., 4x° + 122° = 0. Solving yields z = 0 or x = —3. The
x
value of y at z = 0 is y = (0)* 4 4(0)3> — 6 = —6. Similarly, the value of y at z = —3 is
y = (—=3)*+4(-3)3 — 6 = —33. So the turning points are (0, —6) and (—3, —33). Using the
second derivative test, we classify the points as follows:
d2
0 When z = —3, we have d;g = 12(—3)% + 24(—3) = 36 > 0. Therefore, the point
T
(—3,—33) is a minimum point.
d2
O When z = 0, we have d—‘z = 12(0)? +24(0) = 0. Therefore, the point (0, —6) is a point
T
of inflection.
(b) y = 22(a + 1).
Solution
Differentiating the given curve, we obtain
W32 y90 and LY _6p o
= =3 z and —5 =6z
dz dz?
2
At a stationary point, 3z2+2z = 0. Solving yields z = 0 or = —3 The valueof yat x =0
is (0)2(0 + 1) = 0. Also, The value of y at 2 is ( 2>2< 2+1) 4 So
isy= = 0. valu r=—-isy=|—- —= =—_.
Y ! v 3 Y 3 3 27
2
the turning points are (0,0) and (—3, 27) Using the second derivative test, we classify
the points as follows:
d2
O When x = 0, we have d—z = 6(0) +2 =2 > 0. Therefore, (0,0) is a minimum point.
T
2 d? 2 2 4
O When z = —3 we have d—;; =6 <—3> 4+ 2 = —2 < 0. Therefore, <—3,27) is a
maximum point.
Exercise:
1. Find the maximum and minimum values of the function y = 2sint + cos 2¢. [ans: max point
3
(% 5)s min point (1]
2. Find the turning points and point of inflection on the curve y = 2® — 52* 4+ 52 — 1. [ans: max
point (1,0), min point (3, —28), point of inflection (0,-1)]
3. Discuss the nature of the points on the curve y = 3z% — 823 — 2422 + 962 at which the tangent
to the curve is parallel to the z—axis.
4. Find the nature of the stationary points of the function y = 3% + 62% — 42> + 1.
5. Show that the minimum value of the curve y = asec — btan 6 is va? — b2.

[0 Areas where concept of maxima and minima is applied
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5.4  Turning points/Stationary points/Critical points/Extrema

5.4.1 Optimization

Example(s):

1. A box with a square base and an open top is to have volume 62.5 in®. Neglect the thickness of
the material used to make the box, and find the dimensions that will minimize the amount of

material used.

Solution

Let the base width be x in. Thus, the height is

62.5
—5— in. The surface area is given by
x
62.5 250
A::c2+4:c<—2> =22+ =
T T
dA 250 d?A 500
ThllS, E:2x—?andmz2+ﬁ
. .. dA ) 250 ) .
For maximum or minimum area, — = 0. That is, 2z — — = 0. Solving yields z = 5. At
x

d’A 500 .. . L
=5, i =+ @ = 6 > 0. Therefore, the box has a minimum area when its base is 5 in

2.
by 5 in and height is 625 _ 2.5 in.

X

(52
2. Find the height of the right circular cylinder of greatest volume which can be cut from a sphere
of radius a.
Solution

e Let the radius of the cylinder be r and its height

/ i be h. From triangle OBX, Pythagoras theorem
e Cff ,%f__ yields
y : : o4 : i ¢ h2
i» : Cf—’A} % Ly ’[”2 + _— = a2
\‘ - ’ | 4
| 7 z / = 9
- i

Thus, 12 = a® — T The volume of the cylinder

o ST T, , is given by

h? h?
V:ﬂr2h=w<a2—z>h=ﬂ<a2h—z>

dv 3 d?V 3
Thus, =T <a2 — Z_lh2> and T = —§7rh. For maximum or minimum volume, = 0.
3 2a 2a d*V 3ma
That is, 7 ( a® — —h2> = 0. Solving yields h = —. At h= —, — = ———= < 0. Therefore,
( 4 &y V3 V3 dh? V3

the cylinder has a maximum volume when its height is \/—%.

3. Find the values of x and y that will maximize the function f(x,y) = zy subject to the constraint
4z + 2y = 40.

Solution
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5.4 Turning points/Stationary points/Critical points/Extrema N

Given 4z + 2y = 40, we have y = 20 — 2x. Substituting in f(z,y) = xy, we get
f(z) = 2(20 — 2x) = 20z — 222

Differentiating with respect to x, we have f’(z) = 20 — 4z. At maxima or minima, f'(z) = 0,
ie,20—4x=0 =« =>5. Substituting in the given constraint, we get y = 10. To classify
the optimal value, we use second derivative test. Now, f”(x) = —4 < 0. Therefore, x = 5 and
y = 10 will maximize zy.

Exercise:

1.

Find the height of the right circular cone of maximum volume, given that the sum of the height
and radius of the base is 0.12m [ans: h = 0.04m)]

. Find the dimensions of the rectangle of greatest area which can be inscribed in a circle of radius

T [ans: a square of side /27

A manufacturer wants to design an open box having square base and surface area of 108 square

meters. Find the dimensions of the box that will give maximum volume. [hint:
3

x? +4xh = 108,V = 272 — %, ans: length z= 6m and height h= 3m]

. ABCD is a square ploughed field of side 132m, with a path along its perimeter. A man can walk

at 8 km/h along the path, but only at 5 km/h across the field. He starts from A along AB,
leaves AB at a point P, and walks straight from P to C. Find the distance of P from A, if the
time taken is the least possible.

(a) Choose z and y to maximise zy subject to the constraint 3z + y = 60. (Note: you do not
need to confirm that your solution is a maximum).

(b) Choose x and y to maximise xy? subject to the constraint = +y = 200. [ans: x = 200/3
and y = 400/3]

5.4.2 Economics: cost, revenue and profit

O The cost function, C(z), is the (total) cost incurred in producing z units of a commodity.

O

Marginal cost (MC) is the rate of change of the cost function with respect to the number of

dacC

units produced, i.e., MC = —. It represents the extra cost incurred in producing one extra
T
unit when the level of production is already at x.

Average cost (AC) is given by AC = C(a:)
x

Revenue, R(z) is the (total) revenue received when z units of a given commodity are produced
and sold at a unit price p(x) (or demand function). Thus, R(z) = z-p(z), where z is the number
of units produced and sold.

dR
Marginal revenue, MR = —.
dx
Profit function, P(x) or II(x), is given by total revenue minus total cost, i.e., P(x) = R(z)—C(z).

dP
Marginal profit, MP = Tn
x

Pla)

Average profit =

ac dR dpP

At maxima or minima, we have MC = T 0, or MR = e 0or MP = T 0. The values of

X T X

x are the critical points.
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5.4 Turning points/Stationary points/Critical points/Extrema

— Note: Break Even point refers to the point in which total cost and total revenue are equal, i.e.,

C(x)

= R(x).

Example(s):

1.

3.

In marketing a certain commodity, a business has discovered that the demand for the commodity

50
is represented by p(x) = T The cost of producing x units of the commodity is given by
T

C(z) = 0.5z + 500. Find the price per unit that will yield maximum profit. (Note: p is in
dollars)

Solution

The profit function is given by

50
P(z) = zp(z) — C(z) = xT — (0.52 + 500) = 501/z — 0.52 — 500
x
dP 2 dP
The marginal profit (MP) is given by MP = — = 2 0.5. At maxima or mimima, — = 0.

de  x dx

— —05=0 = = 2500
Nz v
2

P
We need to test if this value of x will lead to maximum profit. Now, ol —12.5273/2, When
x

x = 2500, P"(z) = —12.5(2500)~%/2 = —0.0001 < 0. Hence, the business will realize maximum
profit if 2500 units of the commodity are produced. The optimal price per unit (demand) is

50 50
p(2500) = =

That is,

= — =1 dollar.
V2500 50

A certain company faces market demand given by p = 48 — 3x. This company has cost given by
C(x) = 22? — 122 + 100. Find:

d

(a) Price when revenue is maximized. [hint: R(x) = xp = 48z — 322, ans: p = 24]
(b) Revenue when cost is maximized. [ans: R(3) = 117]
(¢) Maximum possible profit. [hint: P(z) = —522 + 60z — 100, ans: P(6) = 80

) ]

(d) Break Even point. [hint: R(z) = C(z), ans: x =2 and = = 10
A monopolist faces the demand function p = 200 — . The total cost is C' = 100 — 40x + 5z2.

(a) Write down the monopolist’s profit as a function of the quantity produced x.

(b) Find the profit-maximizing level of production and confirm that your solution is a
maximum.

(c) How does the profit-maximizing level of production change if the government imposes a
lump sum tax, L7

Solution

(a) Given z = 200 — p, we have p = 200 — z. The profit function is given by

P(z) = ap() — C(z) = 2(200 — z) — (100 — 40z + 52%) = —62? + 240z — 100

dpP
(b) The marginal profit (MP) is given by MP = i —122 4 240. At maxima or minima,
x

P
d— = 0. That is,
dx
—1224+240=0 = x=20

2

We need to test if this value of z will lead to maximum profit. Now, o —-12 < 0.
T

Hence, the business will realize maximum profit if 20 units of the commodity are produced.
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5.4 Turning points/Stationary points/Critical points/Extrema

(c) Since the government imposes a lump tax of L per each unit sold, the total tax bill is given
by
T=1Lx

The profit function, given a lump sum tax L, is given by P = —6x2 4 2402 — 100 — T, i.e.,

P = —62” + 240z — 100 — Lz
. - d .
At maximum or minimum, e 0. That is, —12z + 240 — L = 0.
x

L
= r=20- =
v 12

This is the optimal level of production. The government raises a total tax bill of
T=1L —L<20 L) = T =20L L7
T 12 - 12

dar L
Differentiating with respect to L, we have = 20 — s To maximize the government’s

tax revenue, then - 0. That is,

L
200——==0 = L=120

6
Thus, L = 120 maximizes the government’s tax revenue?  Therefore, the new
L 120
profit-maximizing level of production is x = 20 — 5= 20 — = = 10 units.

Exercise:
1. For a production level of z units of a commodity, the cost function is C'(z) = 100 + 30z and the

demand function is p(z) = 90 — x. What price p will maximize profit?

Solution

The profit function is given by

P(x) = zp(z) — C(z) = 2(90 — ) — (100 + 30z) = 90z — 2® — 100 — 30z = 60z — z* — 100

The marginal profit (MP) is given by MP = Z—i = 60 — 2z. At maxima or minima, Z—i =0.
That is,
60-2x=0 = x=30
d?p -
Now, i —2. When z = 30, P’(x) = —2 < 0. Hence, the profit-maximizing level of

production z = 30 units. Therefore, the optimal unit price is p(30) = 90 — 30 = 60 dollars.

2. A monopolist faces the demand function = 10—0.5p. The total cost consists of a fixed overhead
of 28 dollars plus production cost of 2 dollars per unit. [hint: C(x) = 2z + 28]

(a) Write down the monopolist’s profit as a function of the quantity produced x.

(b) Find the profit-maximising level of production and confirm that your solution is a maximum.

(c) Find the break-even points. What is the slope of the profit function at each of the break-
even points?

(d) Assume now that the government imposes a fixed tax of ¢ dollars per each unit sold. What
t maximises the government’s tax revenue?

3. A manufacturer estimates that if x units of a particular commodity are produced, the total cost
will be C(z) dollars, where C(x) = 23 — 2422 + 350x + 338.

93



5.4 Turning points/Stationary points/Critical points/Extrema

(a) At what level of production will the marginal cost be minimized?

(b) At what level of production will the average cost be minimized?

4. A manufacturer can produce digital recorders at a cost of 50 dollars each. It is estimated that
if the recorders are sold for p dollars each, consumers will by x = 120 — p recorders each month.

(a) Express the manufacturer’s profit P as a function of x. [ans: P(x) = 502 — 22]

(b) What is the average rate of change in profit obtained as the level of production increases
from x = 0 to x = 20 recorders. [ans: = 30]

(c) At what rate is profit changing when x = 20 recorders are produced? Is the profit increasing
or decreasing at this level of production? [ans: P’(20) = 10, increasing]
5.4.3 Kinematics

The motion of a particle P along a straight line is completely described by the equation S = f(¢),

where t > 0 is time and S is the distance of P from a fixed point O in its path. The velocity of P at
as

time tis V = —.

ime t is p
O If V > 0, P is moving in the direction of increasing S.
O If V <0, P is moving in the direction of decreasing S.
O If V =0, P is instantaneously at rest.

v _ s

The acceleration of P at time ¢ is a = — .
dt dt?

O If a > 0, V is increasing.
[ If a < 0, V is decreasing.
[0 If V and a have the same sign, the speed of P is increasing.

0 If V and a have the opposite signs, the speed of P is decreasing.

Example(s):
1. A body moves along a straight line according to the law S = 3 — 6t + 9t + 4. Find

(a) S and @ when V =0
(b) Sand V when a =0

(c) when is S increasing?

Solution

(a) ﬁ:V:3t2—12t+9:3(t—1)(t—3) anda:%:6t—12:6(t—2). When V = 0,
t=1ort=23.
O Whent=1,5=(1)2-6(1)2+9(1) +4 =8 and a = 6(1 — 2) = —6.
O Whent=3,5=(3)3-6(3)2+93)+4=4and a =6(3—2) =6.

(b) Whena =0, wehave 6(t—2) =0 = t=2. Whent=2,5=(2)3-6(2)2+9(2)+4=6
and V =3(2-1)(2-3)=-3

(c) S is increasing when V' > 0 i.e., when ¢ < 1 and ¢ > 3.
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Turning points/Stationary points/Critical points/Extrema -

2. A body moves in a straight line so that the distance moved S metres is given in terms of the

time t seconds by S = t3 — t2. Find an expression for the acceleration of the body at time ¢ and
find the times at which the body is at rest.

Solution

dsS d’>s dv

— =V =3t2—-2tand — = — = a = 6t — 2. The body is at rest when V = 0, i.e.,
dt dt? 5 dt

32 —-2t=0 = tzOort:§seconds.

The distance S moved in a straight line by a particle in time ¢ is given by S = bt? 4 ct + d, where
b, c and d are constants. If V' is the velocity of the particle at time ¢, show that 4b(S—d) = V2—c2.

d
Proof. V = d—f = 2bt 4+ c. Now,

4b(S —d) = 4b(bt* + ct +d — d) = 4b*t% 4 4bet) = (20t + ¢)* — b?
V2 _ 2

Exercise:

1.

The displacement S at time ¢t of a moving particle is given by S = bsin 2¢ 4 ccos 2¢, where b and
c are constants. If V is the speed at time ¢, prove that V = 2v/b2 + ¢ — 52

. A particle moves in a horizontal line according to the law S = t* — 6t3 + 12t — 10t + 3. Find

(a) the velocity and acceleration

(b) when the particle is at rest

If the velocity of a body varies inversely as the square root of the distance, prove that the
acceleration varies as the fourth power of the velocity.

. A body moves in a straight line so that its distance S metres from a fixed point O at time ¢

seconds is given by S = (t —2)2(2t — 7). Find when the body passes through O and the velocity
and acceleration each time it passes. Find also the minimum value of the velocity.

The velocity V' m/s of a particle which has traveled a distance S metres from a fixed point is
given by V2 = 16S. Find the acceleration of the particle.

A ball is thrown vertically upwards so that its height S metres after ¢ seconds is given by

1
S = 2—7t2 + 4+/t. Find its:

i) velocity at any time t.
ii) acceleration when t = 1.

iii) maximum height reached.

LECTURE 11
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6 Introduction to integration

d
Integration is the reverse process of differentiation. Suppose d—y = f(z). To obtain y, we integrate
x

the function f(x) with respect to the independent variable x. This is put in notation form as
y = /f(x)dﬂﬁ +C,

d
where C' is a constant of integration and f(x) is the integrand. For example, if d—y = cosx then
x

Yy = / cosxdr = sinx + C. The following are some important results of integration:

(1)/1dx:x—|—0 (2)/x"dx=§7i:ll+c,forn7é—1
(3)/idx:1n\x|+0 (4)/exd:v:ex+0

(5) / cos(ka)dz = Smgfx) L O for k40 (6) / sin(ka)dz — —Cosl(f‘”) 4O, for k40
(7 /sec2 xdr =tanz + C (8) /cosec2:vd:v =—cotz+C

(9) /secxtan xdx =secx + C (10) /cosec x cot zdx = —cosec z + C

These types of integrals are called indefinite since they lack limits of integration.

6.1 Techniques of integration

6.1.1 Power rule of integration

wnJrl
/x”daz: +1+C, for n # —1
n

)

where C is a constant of integration.

Example(s):
5 341 4
(a) /xd$:3+1+C=Z+C
: ~7+1 26
b “ldx = =——
0) [Tdr =T sv0=-T 40
zatl 2
(c) /\/:Edac—/:vlmdle 1—|—C:§CB3/2+C
2
2 3 2
(d) /x(1—393)dx:/(93—3x2)d:c—%—3 %z%—x?’—FC

4
(e) /(2x —3)%dx = /(4x2 — 122+ 9)dx = §x3 — 627 + 9z + C.
(f)
x? 2z

3 1/2 1/3
—\/E+\/£+6dx = /(x +x +62> dxz/(x_%+$_g+6:v_2) dx
x

3
= 2777 — 5:1:7% — 6274+ C

(&) / ;ng 1d:v

Solution

Since the degree of the polynomial in the numerator is greater than that in the denominator,
long division yields

56



6.1 Techniques of integration

22—z +1
r+1) 23
a3 2
— g2
2?4
T
—x—1
-1
Therefore,

2

3 1 3
/ x dx:/(:rQ—x+1— )da::$—$+a:—ln|m+1|+0
T+ 1 r+1 3 2

6.1.2 Substitution method

This technique requires that a new variable, say u, is introduced in the integrand to reduce the problem
to a form in which power rule of integration can be applied.

Example(s):

(a) Evaluate /(23: +1)Y3da.

Solution

d d
Let u = 22 + 1. Differentiating with respect to = yields d—u =2 = dx= 711 Substituting
x

in the given integral, we get

/(2x+1)1/3d:r—/u1/36§t = ;/ul/?’du— % [iu‘l/g} +C = 2(21'4-1)4/34-6

(b) Evaluate ‘/(1_.%%2)36&%
Solution
Let u = 1 — z*. Differentiating with respect to x yields i —2x = dr = ~op
x x

Substituting in the given integral, we get
x x du 1 171 1
———dr= [ 5 |— ) =—2 —3d :—_2] C=-1-zH"2+C
/(1—x2)3 v /u3< 2x> 2 ) T T [—2“ FO= =)

(c) Evaluate /secQ(5x—|— 1)dz.

Solution

d d
Let u = bx + 1. Differentiating with respect to x yields d—u =5 = dr= ?u Substituting
x

in the given integral, we get

/5662(51' + 1)dx = /seCQ(u) (?) = ;/SGCQ(U)C[U = %tanu +C = %tan(5m +1)+C

Exercise:

1. Evaluate the following integrals

1
(a) /(73: — 2)3dz. [hint: put u =7z — 2, ans: = %(795 - 2)4+C]
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(b) /31’\/ 1+ 222dx.

1
(c) /Wd:r
(d) / (3z +5)%du.

o [eo (22
(f) / (ln;)zd:z.

() /a:(s — 5a%)4da.

(h) / \s/%dx.
(i) / (2 + 3z)*dz.

) /x2(1 + 4% da.

1
[hint: put v = 1+ 222, ans: = 5(1 + 222)3/2 4+ O]

—1
hint: put u = 1, D= C
[hint: put u =z + 1, ans 3:_1_1—1— ]

1
[hint: put u = 3z + 5, ans: = —§(3x +5)"1+C)

. €T _
[hint: put u = , ans: = —3cot (le) + (]

(In m)g + C]

[hint: put v = Inzx, ans: =

Wl

1
bint: put u =3 — 50, ans: = —== (3 — 52%)° + C]
[hint: put u = %+ 2z + 7, ans: = g(ﬁ 427+ 7)4/5 +C)

, 1((2+32)5 2(2+32)°
h t: t = 2 = - —
[hint: put u + 3z, ans 3 ( 15 T + (]

1

hint: put v = 1 4 423, ans: = 1+42%)" +C
48
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